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IIpeancaosue

TexHuUYecKHe BO3MOXKHOCTH COBPEMEHHBIX KOMITBIOTEPOB IMO3BOJISIFOT PelIaTh CHCTEMBI JTMHEHHBIX
anreopanvecknx  ypaBHenuit (CJIAY), BrmoYarolue MHJUTMOHBI  YPaBHEHWHA, MAaTPHIIBI
KO3((UITUSHTOB 00JIaJat0T CBOMCTBOM paspekeHHOCTH. Takue CJIAY BO3HHMKAIOT, B YaCTHOCTH, B
PEIYILTATE AUCKPCTU3AIMU ABYX- WM TPEXMCPHBIX KPACBBIX 3aaad Ijid ypaBHCHI/Iﬁ B YaCTHBIX
MPOU3BOAHBIX. PazpexxeHHOCTh MaTpuIl] KO3 UIIMEHTOB SBIACTCS ClIENU()UISCKAM CBOHCTBOM TaKHUX
CJIAY, wcnoiap3yeMbIM TpH KOHCTPYHMPOBAHMH METOAOB HMX peElIeHHss H  pa3paboTke
COOTBETCTBYIOIIEr0 MPOrpaMMHOTr0 obecredeHus. B mporpaMmax, Co3aHHbIX Ha 0a3e HTEPAIMOHHBIX
AITOPUTMOB, Pa3pEKEHHOCTh O0ECIEYNBAET CPABHUTEIBHYIO JCIIEBU3HY OIEpali YMHOKEHUS

MaTpHuIibl Ha BEKTOP.

Meron ['aycca, ocHOBaHHBIA Ha TPEYroNbHON (haKTOPU3AIUH MATPHUIIBI KO3(P(QUIMEHTOB, SBISETCS
anbTepHaTUBHBIM criocobom pemieHust CJIAY ¢ pa3peXeHHBIMH MaTpHlIaMH KO3 QPHUIINEHTOB.
Hemnonueiii cnincok 6uOImoTeK, pa3padOTaHHBIX C UCTIONB30BaHWEM MeTonia ['aycca, BKIrodaer

PARDISO
MUMPS

Super LU
WSMP

B aror comcok cnenyer mobasuth Intel®Math Kernel Library, omHo#i M3 KOMIIOHEHT KOTOpOIf
ABIISETCS

Bepcus PARDISO, HecKONIbKO OTIHMYAIOLIAsiCsl OT OPUTHHAIBLHOW, YIIOMSHYTOH BBIINIE. B KOHTEKcTe
o030pa

METOJIOB M MTPOrPaMMHBIX MPOAYKTOB Isl pemeHust CJIAY mpsiMbpIMU METOIaMU CIIENYET YIIOMSHYTh
CPaBHHUTEIIbHO HOBBIE WJEH WCIONB30BAHUA CXKaTUS TPOMEKYTOYHBIX JaHHBIX B IIpoIecce
BEIYHCIICHHH,

OCHOBaHHBIC Ha AJITOPUTMAaX MAJIOPAHTOBOM armpokcumaryu [1, 2].

IMaker USPARS mpencraBiser coOOH elle OIWH 3JIEMEHT 3TOro psga. Ero ¢GyHKIHMOHAJIBHOCTH
npefHa3HayeHa JUIS WCIONB30BaHUS HAa MHOTOSJCPHBIX BBIYHCIUTEIBHBIX CHCTEMax ¢ oOmel
namsteio ipu periennn CJIAY merogom [Naycca. [Taket moxer ObITh Hcronb3oBaH kak B In-Core (IC)
MoOJIe, KOTJIa BCE MPOMEKYTOUYHbBIC JaHHBIC B MPOIECCE BBHIYMCICHUH pa3MENaroTcsi B OMEpaTHBHOMN
MaMSTH BBEIYUCIUTENBHOM crcTeMsl, Tak U B Out-Of-Core (OOC) Moze ¢ BO3MOKHOCTBIO COXPaHEHHUS
YacTU TPOMEKYTOYHBIX JAaHHBIX Ha Jucke. Mcrmonb3oBaHHE IHCKOBOM MaMSTH Ui BPEMEHHOTO
XpaHEeHUs] TPOMEKYTOUHBIX pe3ynbraToB B OOC Mone MOo3BOJSET HECKONBKO YBEIUYUTH Pa3Mephl
CJIAY, pocTymHBIX JUId peEIIeHns Ha 3aJaHHOM BBIYHACIHTENbHOH cucteme. Cremnyer, OmHAKO
OTMETUTh, YTO W3-3a BKJIOUCHHS B TIPOIECC PENICHUs OOMEHOB NAaHHBIMH MEXIy OIepaTUBHOU
MaMATHIO M JIUCKOM IIJIATOH 32 BO3MOXKHOCTh YBEJIMUCHHS Pa3MEPOB OYIET POCT BBIYMCIHTEILHOIO
BpEMEHH.

bazoBas Bepcust USPARS pacmpoctpansiercss OecIulaTHO TpH  YCIOBUM  HEKOMMEPYECKOTrO
ucnonp3oBanus. OHa SBISETCd OTPaHUYEHHOM MO MONAEPKKE M (PYHKIHOHAJIBHOCTH, B YaCTHOCTH
OOC nocryreH TOIbKO B IJIaTHOH Bepcuu. DYHKIIMOHAI, KOTOPBIA HEOCTYIIEH OECIIaTHO, OTMEUYeH
B JaHHOM PYKOBOJCTBE CepbIM LBeTOM. [ln1s momydeHus: 6onee noapoOHOM nH(pOopMaLul 00paTUTECH
Ha yKa3aHHBIN aJIpec 3JIEKTPOHHON MOYTHI.

Hns obecniedeHust BBICOKOW MPOU3BOIUTENBHOCTH OIEpalfii ¢ IUIOTHBIMA MaTPULAMH, B YaCTHOCTH
s kmoueBblx  GyHkumid, Takux kak GEMM u TRSM, pemarens USPARS wmoxer ObiTh
CKOMITWJINPOBAH U IOCTAaBJIATHCS B CBSI3KE C Pa3IMYHBIMM MaTeMaTHdeckuMu Onbnmorexkamu. K HUM
OTHOCATCS CTaHAapTHBle Oubmmorekn, coBmMectumble ¢ BLAS, takme kak OpenBLAS,
pacnpoctpansiemast no juuensun BSD, win Intel® MKL, perynupyemas nmnensueit ISSL, obe u3
KOTOPBIX SIBHO pa3pelaroT TaKOe UCIIOIb30BaHUE U pacnpocTpaHeHne. Kpome Toro, pemarens MOXET
ObITb HACTpPOEH Ha HCIONb30BaHUE JIO0OH Apyroil Oubmmoreku, cosmectumoir ¢ BLAS, wnm
COOCTBEHHBIX CIEIUAIFHO ONTUMU3MPOBAHHBIX BHYTPEHHUX siAep, Ha3biBaeMbix UBLAS

Anpec mojep:kKu: uspars-dev@unipro.ru



https://www.pardiso-project.org/
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CrpykTypa 40KyMeHTa

Martpuiipl K03 GHUIMCHTOB YpaBHEHHI cYMTAIOTCS npencraBieHHbIMU B opmate CSR (Compressed
Sparse

ROW) KOMITaKTHOTO TIPEICTABICHUs Pa3peKEHHBIX MaTpull. OMHUCaHNe ITOTO TUIIA MOYKHO HAWTH B
rmaBe 1. TaMm jke BBOAMTCS MOHSITHE MOPTPETa pPa3PSKCHHON MATPUIIBI, NPUBEACHA CBOIKA
onpeneaeHui

crequ(prUecKUX TUTIOB JaHHBIX, UCTIONB3yeMbIX B makete USPARS.

OynkumnonanbHocth USPARS pazoura Ha 1Ba ypoBHS. OCHOBHBIE BEIYUCIUTENBHBIEC (DYHKIIUH MTAKETa
MpPHHAATIEKAT HIKHEMY, CKPBITOMY OT MOJIb30BaTelsl, ypoBHIO. [IpeaHa3sHaueHus 5THX QYHKIHHA y3KO
CTEeUAM3UPOBAHbI, a HMHTep(deiichl He AOKyMeHTHpoBaHBL [loib3oBaTensiM MOCTYNEH BEpPXHUI
ypOBEHb

¢ HaOopoM (DYHKITU, OIIMCAHHOM B IJIaBe 2.

HoxymeHnT nononHeH [Ipunoxenusamu:
o [lpuembr pabotel ¢ (yHkuuOoHAIBLHOCTEIO USPARS mnpousuocTpupoBaHbl B NpUMEpax B
riase A,
e MareMaTH4eCcKuii MUHIMYM, JISKAIIMil B OCHOBE aJITOPUTMOB IakeTa — cM. B;
[pakTryeckue peKOMEHJAIMH TI0 pa0doTe C MAKeTOM MOXKHO HaiT B C,;
o Python-unrepdeiice k pyaxmmsam USPARS — cm. D.

e [lomomp B nepexoae ¢ MKL PARDISO na USPARS —cwm. E.



1. OHPEAQAEHI/ISI " TUIIbI AaHHDBIX

s mepsoro 3amycka USPARS moctatouHo 3HaTh BXOAHOH (opmar paspexeHHbIx MaTpuil (cm. 1.1)

W TOMJCPKUBAEMbIC CKaJApPHbIC THMbI AaHHBIX (cM. 1.3). st jdydrnero mOHUMaHHS pPabOTHI
pa3pekeHHoro cojiBepa coperyem 1.2, 1.4, a Taxxke npuiioxenue B.

1.1  ®opmar CSR xpaHeHU:s pa3dpe>KeHHBIX MaTPUI]

Marpuiipl, B KOTOPBIX YHCJIO HEHYJEBBIX JIEMEHTOB 3HAYUTEIbHO MEHbIIIE O0IEro YHCIIa 3JIEMEHTOB,
NPUHATO HA3bIBaTh paspescennvimu’. AG6pesnatypa CSR pacmmdposbiBaercs kak Compressed
Sparse Row. I1pu 3anmucu MaTpHUIBl B 3TOT (OpPMAT IPOUCXOIUT 'CKaThE' Pa3peXEHHBIX CTPOK. st
TOr0, 4TOOBI MPOM3BECTH CXKATHE CTPOKH, HYXKHO 3HATH €€ [UIMHY, YUCIO HEHYJEBBIX JJIEMEHTOB B
Hel, MTO3UIUKH HEHYJIEBBIX AJIEMEHTOB U MX 3HA4eHHs. [103MIMK HEHYJIEBBIX JJIEMEHTOB B CTPOKE —
3TO 1eNble WHIEKCHl COOTBETCTBYIONIMX CTOJNOIIOB, 3HAYEHUS DIIEMEHTOB — YHCIA C IJIaBatouiei

TOYKOIM.

@®opmar CSR sBisiercs ofaHUM M3 HamOollee MOMYISPHBIX (OpMATOB XpaHEHHS pPa3peKEHHBIX
MaTpHIl, HCIOJIb3YyEeMBIX B OMONMMOTEKax Mo paboTe C pa3pekKeHHBIMH MaTpHIlaMH. B dacTHOCTH,
(dopmar ucronssyercss B kommnonente PARDISO 6ubmunorexkn Intel® MKL. ®opmar CSR B makere
USPARS wucnone3yer Tpum MaccuBa, HO TakXke H3BecTHa pasHOBUAHOCTH CSR, B KoTopoii

HCIIOJIB3YIOTCA YE€TBIPE MaCCHUBa.

1.1.1. PaspeskeHHas maTpuiia 0OIIEro OAOKEHII

JIs TpeICTaBICHHS Pa3PEeKEHHOH MAaTpHIlBl obmiero monoxkenus® B ¢opmare CSR HYXHBI Tpn
JIMHEWHBIX MaccuBa. [l maTpuilsl A nopsiaka N, umeromied NNZ HEHYJEBBIX D3JIEMEHTOB, 3THU
MAaCCHBBI TaAKOBBI:

0 ila —IeMoYMCIEHHBII MacCuB AJIUHBI N+1;

O Jja — IEeI0YHCICHHBIN MacCUB JJIMHBLI NNZ;

O a — BEIIECTBEHHBIN WM KOMIUIEKCHBIA MacCuB JUIMHbI NNZ. Ero TO4YHOCTBH IpencTaBiICHUS

(float wm double) onpenenser TOYHOCTD HPEACTABICHHS MATPHIIEL.

B 3aBrCcHMOCTH OT HCTIONB3YEMBIX HHTEP(ENCOB mepeMeHHbie N, NNZ, Kak U 3JeMEHTHl MacCHBOB
ia w ja Moryr mMers THnbel int wm long long int, HeHyneBble 371€MEHTH MaTpULBbI
YIaKOBaHBI B TIEPEUMCIIEHHBIE TPH MaccuBa cieayromuM odpa3oM. [lepBriii anmement ia [ 0] MaccuBa
ia Bcerza paBeH HylwO, ia[l] paBeH YUCILYy HEHYJIEBBIX 3JIEMEHTOB B IEPBOM CTPOKE MATPUILIBL
k=ia[l]- ial0] HEHYJIEBBIX AJIEMEHTOB TEPBOM CTPOKM IOMEMIEHBl B KadecTBE MepBBIX k
JJIEMEHTOB MacCMBa a B TOM € IMOpAIKe, KaK OHW MOSBISIOTCS B cTpoke. Homepa ctomGrioB
HEHYJIEBBIX AJIEMEHTOB NIEPBOM CTPOKH ITOMEIIAIOTCS B IepBhle kK nieMeHTOB MaccuBa ja. [Iporecc
MOBTOPSETCA Il BTOPOM CTPOKM MATPHIIBI — HOMEpa CTOJOIOB HEHYJIEBBIX DSJEMEHTOB
YIaKOBBIBAIOTCS B MAacCHB ja B TOpPSAKE HX IOSBICHHUS B CTPOKE MATPHIIBI, COOTBETCTBYIOIIHE
3HA4YCHUs HEHYJIEBBIX DJJIEMEHTOB IIONANAIOT B a, 3HAYEHHWE ia[2] CTAaHOBUTCA PABHBIM YHUCIY
HEHYJIEBBIX JIEMEHTOB B IIEPBBIX JABYX CTPOKaX.

[Iponomkas mpouecc uig OCTaBIIMXCS CTPOK MAaTPUIBI, HEHYJIEBbIE JJIEMEHTHl MAaTpPHLbI
YIIaKOBBIBAIOT B TPH MaccuBa. HeTpyaHO MOHSTH, YTO MOCJIEAHUH 37eMeHT ia [N] paBeH NNZ.
OTMeruM, 4TO 3HAYEHMS 3JIEMEHTOB MAcCMBAa ja OKa3bIBAIOTCS YHOPAJOYCHHBIMH BHYTPH KaXKIOH
CTPOKHU. DTO TpeOOBaHUE 00513aTENBHO Il KOPPEKTHOW paboThl PyHKIHMOHAIBHOCTH. Pa3sHOCTh

iali+l] - iafli], (i=0,1, .., N-1)

1 MlHor/1a pa3peXeHHbIMU HAa3bIBAIOT MATPHIIBI, €CITH CYIIECTBYIOT MeTobl pemienust CJIAY ¢ TakuMu MaTpunaMu
K03((HUIMEHTOB, B KOTOPBIX YUET CTPYKTYPhI HEHYJIEBBIX 3JIEMEHTOB IMPUBOJIUT K BBIMIPBIIIY B MAMSTH U BPEMEHH
perreHusI.

2 XpaHeHHEe CUMMETPUYHBIX (BEIIECTBEHHBIX U KOMIUICKCHBIX ) U KOMILIEKCHBIX 3PMHUTOBBIX MATPHIL OMKHCAHO B
moapasnene 1.1.2
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BCEr/Ia paBHA YHCIY HEHYJIEBBIX AJIEMEHTOB MaTpUIlLl A, nexamux B i-o crpoke. [lo aTomy mpaBuiy
ecin ia[i+1] = iaf[i], To Bi-oH CTPOKE MaTPHIIbI BCE 3JIEMEHTHI paBHBI HYII0. COOTBETCTBUE
MEXY HEHYJIEBBIMU DJIEMEHTAMU MATPULBI U 3JIEMEHTAMHA MAacCHUBa & OKa3bIBAETCS yCTAHOBJICHHBIM
crenyromuen hopmynoit

a[k] =Ai,ja[k] JUISL 1a[|] < k < ia[i+1], (i=0, 1, ey N—l) .

3ameuanue. B NpHBEIEHHOM ONMMCAHWH BCE HWHIEKCHI, BKJIOYAs HHJEKCHI DJIEMEHTOB MAaTPHI[BI
MOUHHSIOTCS MpaBmiaM s3bika Cu: Hauwmnatotest ¢ myns (0-based indices — unmekcsr mo 6ase 0).
Jlariee B 3TOM TOKYMEHTE UCTIOb3YETCs TPEAONOKEH e 00 HHIEKcax 1Mo 06ase Hyllb.

Tpoiiky MaccuBoB (ia, Jja, a), UCHOIb3yeMOW A ONHCAHHUA pPa3peKEHHOW MaTpuisl A B
¢dopmate CSR, Oynem HasbiBath CSR-mampuyeii A. JInst Oyaymmx CChbUIOK NMPUBENEM B SBHOM BHJIC
YCIJIOBHSI, KOTOPBIM JTOJDKHBI YIOBJICTBOPSATH JIEMEHThI HHICKCHBIX MaCCHBOB:

1. VYnopsnmoueHHOCTH 1ia

0 = ia[0] <ia[l] £ ia[2] £ .. <ia[n—1] £ ia[N] = NNZ. (1.2)
2. VYTOpsJI0YeHHOCTh ja B CTPOKE
0 <jalk] < jalk+1] < Ngmaia[i] < k < k+1 <ia[i+1,0 < i < N. (1.2)

IIpuBenem npumep NpeacTaBICHUS MaTPULIbI

1 05 0 00
/0 2 0 8 0 0\
11T 0 3 0 0 O
|0 0 010 0I (1.3)
\0 3 0 0 2 1/
0 00 0 11

B hopmare CSR. CozmepxrMoe MaCCHBOB MPEJICTABIICHO B CIEAYIOIIEH TabmuIe

ia =20, 2, 4, 6, 7, 10, 12;
ja = OI 2/ 1/ 3/ Or 21 31 1/ 4! 5! 4, 5;
a=1., 5., 2., 8., 1., 3., 1., 3., 2., 1., 1., 1.

®opmanbHO TOBOPS, HEKOTOPBIE M3 3JIEMEHTOB MAaTpPHUIIBI, KoTopble mpeactaBieHsl B CSR-dopmare,
COBCEM He 00s3aTeNnbHO AOJKHBI ObITh HyseBbIMU. Hanpumep, cnenyromas Tpoiika MacCUBOB

ia =60, 2, 5, 7, 9, 12, 14;

ja =0, 2, 1, 3, 4, 0, 2, 1, 3, 1, 4, 5, 4, 5;

a=1., 5., 2., 8., 0., 1., 3., 0., 1., 3., 2., 1., 1., 1.
npencTaBiser Bce Ty ke marpuiy (1.3), HO Temeph ee Tak Ha3blBaeMbId moptper (cMm. pasmen 1.2)

cuMMerpuueH. s 3TMX menedl ABa HyJEBBIX 3JIEMEHTa MAaTpULbl ObUIM BHECEHBI B CEMEHCTBO
'HEHYJIEBbIX'.

1.1.2. XpaneHune cuMMeTpu4HOI1 pazpeskeHHOI MaTpuiipl B CSR popmare
IIpn HamMUWK y MaTpUIlbl CBOMCTBA CHMMETPUH (CHMMMETPUYHOCTh A;j = Aj; BELIECTBEHHOH MM

KOMILIEKCHOH MaTpULbl, WM 3PMUTOBOCTb A;j = 7 KOMILIEKCHOH MAaTpUIIBI) BCE €€ JJIEMEHTHI
OJJTHO3HAYHO BOCCTaHABIIMBAIOTCS MO JIEMEHTaM JII0O0ro (BEpXHEro MM HIXKHET0) U3 TPEYTrOJIbHUKOB
Matpunbl. B makere USPARS nist mpencraBiieHHs TaKuX MaTpHLl BHIOpaH BEpXHUH TPEYroOJbHUK,
BKJIIOYas AUArOHAIIb.



[lycts cummerpuunass mMatpuna A mopsaka N gomkHa ObITh npenctasieHa B ¢opmare CSR. B
onucaHue, mpenacraBieHHoe B pasgene 1.1.1 TpeOyercs BHecTH HeOONbIIME KOPPEKTUBBL Jlis
CUMMETPHYHBIX MaTpul] NNZ 0003HA4aeT YMCIO HEHYJEBBIX 3JIEMEHTOB MAaTPHUIBI A, ISKAIINX B €
BEPXHEM TPEYTOJIbHUKE, BKIIOUAsl AUATOHAIIb.

VYnakoBka 3JIEMEHTOB BEPXHEro TpPEyrolbHWKa Marpuilbl B Tpu MaccuBa CSR mpomcxomut
aHAJOTMYHO ONHCAHUIO U3 NMPEAbIIYIIEro pasaena. PasHocTs

iafi+l] - ialil, (i=0, 1, .., N-1)

paBHA YMCITy HEHYJEBBIX 3JIEMEHTOB MaTpULbl A, JeXalux B i-0if cTpoke BEpXHEro TpeyrojabHHKa,
BKJIKOYAs JMAarOHAJIb.

VCoBHsT Ha 3JIEMEHThI MHJCKCHBIX MAaCCHBOB, IMPEICTABISIONIMX CHMMETPHUYHYIO JIHOO IPMHUTOBY
marpuity (cp. (1.1), (1.2)):

3. VYnopsjgoueHHOCTh 1a
0 = ia[0] < ia[l] < iaf2] £ .. < ia[N—-1] < ia[N] = NNZ; (1.4)
4. VIOpsAA0YEeHHOCTh Jja B CTPOKE U MPHUHAIEKHOCTH BEPXHEMY TPEYTOBHUKY

i < jalk] < jalk+l] < N mmm ia[i] < Kk <k+l< ia[i+tl], 0 < i< N.
(1.5)

3aBepmmM pasaen MPUMepPOM MPECTABICHUS CHMMETPUIHON MaTPHUITBI

4 0 2 0 0 O
/0 3 0 -3 -2 0\
12 0 1 0 0 01}
|0 -3 0 1 0 2|
\0 -2 0 0 4 0/

0 0 1 2 0 8

B opmare CSR

ia =0, 2, 5, 6, 8, 9, 10;
ja =0, 2, 1, 3, 4, 2, 3, 5, 4, 5;
a=4., 2., 3.,-3.,-2., 1., 1., 2., 4., 8.
3ameuanne 11 nopsiagka MaTpuubl N, ynciaa HEHYJEBBIX 3J€eMEHTOB NNZ, 3IeMEHTOB MacCUBOB 1a
U ja JOoKHA OBITh BOBMOXKHOCTh MX KOPPEKTHOTO MpeACTaBlIeHHs. B ciaydae mcrmonb3oBaHus 32-
OWTHBIX TENbIX ATH MapaMeTPhl JOIDKHBI HE TMPEBOCXOINTHh BETHYHHEI 231 = 2147483648. Jlerko
MIOHSTH, YTO MPU YBEMUYCHUN Pa3MepOB MaTpPHUIl Hanboee OBICTPO BOSHUKAET OTPAHMYSHHE Ha YHICIIO
HEHYJIEBBIX AJIEMEHTOB. DTOT HapaMeTp HE SIBISICTCS HE3aBUCUMBIM B ONUCAHUUA MATpPUL. OJHAKO
3HAYEHHUSI AIEMEHTOB MAacCUBa ia MOryT JOCTUIaTh YMCIIa HEHYJEBBIX 3JIEMEHTOB. J1Jig mpeomoneHus

BosHuKaromero 3atpynHeHus B USPARS moryT ObITh McHonb30BaHbl 64-OUTHBIC TieNbIe (CM pa3ent
2.2))

1.2. IlopTpersl paspe>KeHHbIX MaTpPUIL]

Tak Ha3bIBaeMbIE nOpMpemsvl pA3PEN’CEHHBIX Mampuy SBISIOTCS yIOOHBIM WHCTPYMEHTOM IS
BH3yaJM3allMi CTPYKTYpPhl HEHYJEBBIX 3JIeMEHTOB B Marpuie. Ha Puc 1.2.1 m3o0paxkeHbl Takwue
MOPTPETHI JUIsl CITydass MATPHUI] HEBBICOKOTO TOpsKa. TOYKH TPEACTaBISAIOT COOOH MO3HIHH
HEHYJIEBBIX AJIEMEHTOB B MaTpuie. [Ipu renHepanuu mopTpeToB MbI MPEAINONAraid, YTO AJIEMEHTHI
JMaTOHAII OTJIMYHBI OT HYJISI, U 3TO HAIIUIO SBHOE OTPaXKEHHE Ha PUCYHKaX.
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Puc 1.2.1 CneBa: HeCUMMETpUYHBII OPTPET pPa3peKEHHON MaTPULIBL.
CnpaBa: cuMMeTpu3anus NopTpeTa, U300pakeHHOr o ClIeBa.

Ha moptpere crpaBa TOYKH PaCIONOXEHBI CHMMETPUYHO OTHOCHUTEIBLHO TUATOHANM MATPHUIIBL, B TO
BpeMs Kak MOPTPET ciieBa TAKUM CBOMCTBOM He 00najaer. ['oBOpST, YTO MaTpHIla, MOPTPET KOTOPOU
n300pakeH CrpaBa, O0JaNlAeT CUMMEMPUUHLIM HOPpMpemoM. ITO HE O3HAvaer, 4ro OHa cama
CUMMETPHUYHA — JIJIST 3TOT'O HYXKHO, 9TOOBI CBOMCTBOM CHMMETPHUH 00JIaay 3JIEMEHTHI MAaTPHUITHI B
CUMMETPHUYHBIX TTO3UIIHSIX.

1.3. CrernimaapHble TUITBI AaHHBIX TakeTa USPARS

B cnucke aprymentoB ¢ynkmnmii makera USPARS yka3zarenn Ha MaccHBBI 4YHCEN C TUIABAIOIICH
TOYKOM NMPUBEIEHBI K TUILY vOid*.

Hns nepenaun B pyHknuioo uHGOpMamy o0 (GakTHUECKOM THIIE 3JIEMEHTOB MAaCcCHBA HCIONB3YeTCs
JONONHUTENBHBI MapaMeTp MEepeurciIseMoro THIAa Uusp scalar type, CIHHCOK BO3MOXKHBIX
3HAYCHUH KOTOPOTO IpeacTasied B Tabmmme 1.3.1.

Tabmmma 1.3.1: BosMokHbIe 3HAUEHHs IAPAMETPOB TUIIA USP scalar type

3HaueHHe CooTBeTcTBHE CTAHAAPTHOMY THITY
USP_FLOAT float

USP_DOUBLE double

USP_COMPLEX FLOAT _Complex float

USP COMPLEX DOUBLE Complex double

B makere USPARS mnpumeHsiercsi HECKOIBKO THIOB TPEYrodbHON (DaKTOPU3ALMU Pa3pEeKESHHBIX
Matpull. Tun Qakropusanuu ompeaensercss (HakToM HNPUHALIEKHOCTH MaTPHULBI TOMY WM HUHOMY
kraccy (cm pasmen B.1). Kaxmoit ¢axropusaiuu IMocTaBlicHa B COOTBETCTBHE IE€pEMEHHAsI
HEePEYrCIIIeMOro TUIa usp factorize type €O 3HaUYCHUSIMH (cM 2.2)

dyskuun  uspars param get () W uspars param set () (cMm pasmensl 2.5, 2.6)
MpeAHA3HAYCHBI I U3BJICUCHHSI HEKOTOPHIX JTAHHBIX, MOMYYCHHBIX B PE3YJIbTATEe BBIYUCICHUMN, HIIH
pPENAaKTHPOBAHUS 3HAYCHHIH TapaMeTpoB, YIPABISIONMX XOAOM BBIYHCIHTEILHOIO MpoIecca.
COOTBETCTBYIONIMI CIIUCOK ONPEAENSAETCS MEePEeMEHHOI MepeyncisieMoro Tuna usp param data
(cm Tabmurer 2.5.2 1 2.6.2).

1.4.Ilepecranosku

B teopun u npaxruke aaroputmoB aisi CJIAY ¢ paspexxeHHBIMH MaTpulaMi KO3(QQHUINEHTOB 4acTO
HCIONB3YIOTCS MaTpHLbl nepecTaHoBok. KsaapatHas N X N —matpuna P HasbIBaeTcs mampuyeti
Nnepecmano8oK, ecii B KaKAOH ee CTPOKE W B KaXKIOM CTOJOLE MMEETCs B TOYHOCTH IO OAHOMY
HEHYJIEBOMY JJIEMEHTY, U BCE HEHYJIEBBIC DJIEMEHTHl paBHBI eAuHMIE. VHade rosops, mMarpuua P
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IIOJIy4acTCsa B pE3YyJIbTaTC NEPECTAHOBKU CTPOK CI[I/IHI/I‘-IHOI\/'I MaTpHUlbl. 10T q)aKT MOJXHO 3aIlucaTh B
BUIC

P;;
_ {1 ana j=p; L
- {0 s j % p;’ (G=12..N), (1.6)

I/Ie€ UCIOJIB30BAHO TOHATHE GEeK/MOpa Nepecmano8oK P C KOMIIOHEHTaMH p;. SICHO, YTO BEKTOp P
MIOJTHOCTBIO OTpesersieT MaTpully P. YMHOXeHne MaTpHLIbI TepecTaHOBOK P Ha BEKTOp a

b, a;
bz| = p|%
b.N ay
JIaeT BEKTOp b C KOMIIOHEHTaMHU
b;
= ap, (i=12,..,N), 1.7

r7€ KOMIIOHEHTHI BEKTOpa IIepeCTaHOBOK p ompeneneHsl ¢opmynamu (1.6). Ecimm  wmarpuma
MEepECTaHOBOK YMHO)KAETCSI CIIPaBa Ha CTPOKY

[dl dz ee dN] - [Cl CZ o CN]P,
TO COOTBETCTBYIOIINEC q)OpMyHBI UMCHOT BU/

d;
) G=12..,N), (1.8)

= Cq]

IJie BEKTOp NEpPecTaHOBOK ( OMpeseleH MaTpHIlei mepecTaHoBOK Pt, koTopas siBjseTcss oOpaTHOH K
P:

PPt =1.

N3 dopmyn (1.7), (1.8) merxo momyunth (opmynsr s smemeHToB marpun AP u PA. Takue
MPOM3BEICHNS BO3HMKAIOT IIPM HCIIONB30BAHMM TaK HaseiBaemMoro mMmatching’a m pivoting’a (cm
pazzaensl B.3 u C.3, coorBercTBeHHO). HakoHel, ¢ 1eNbi0 YMEHBIIIEHHS 3aI0THCHHOCTH TPEYTOJIbHBIX
(hakTOpOB, TONMy4aeMBl Ha dTane (aKTOPHU3AINH, NPUMEHSIOTCS TaK Ha3bIBAEMBIC CUMMeEMpPUiHbie
nepecmanoexu A = PAP' matpui. DineMenTs! MaTpul A 1 A cBS3aHBI CIeAyIOMUMHI (OpMYTaMH

aij
= ayp, (1<i,j <N). (1.9)

2. Iloan3oBaTeabckasa PyHKIIMOHAAbHOCTD

Cpenu apryMeHTOB KaxIod u3 (QyHKUMI monb3oBarenbckoro ypoBHsi makera USPARS wumeercs
cHennanbHbId aprymMeHT tuma void** - Bayrpennss USP-ctpykrypa pemartens. Heobxomumo onux
pa3 co3zaTh NEPEMEHHYIO 3TOrO TUIA U MepenaBaTh ee B KaKAyro BbI3biBaeMyro ¢yHkunio USPARS.
VY nmonp30BaTens HET AOCTYNA U KOHTPOJISI HAJ MOISIMU TAHHOM CTPYKTYPHI.

st Toro, 4To0Bl PEINTE CUCTEMY JTMHEHHBIX YPaBHEHUH ¢ pa3peXeHHON MaTpuiel Ko3QpPpHUIunueHTos,
HYXHO TIOCJIE/IOBATEIbHO BBI3BaTh YeThipe ¢pyHkuun nakera USPARS:

1. uspars_alloc () cozgaer USP-cTpyKkTypy JUlsl epejayn JaHHBIX MEKITY QyHKIHAMH;
2. uspars_init? () NMpoM3BOJAMT MOArOTOBKY K (PAKTOPU3ALMU MATPUIIbI KOA()OUIIMEHTOB;
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3. uspars_fact () mpou3BoAUT COOCTBEHHO (PaKTOPH3AIMIO MATPUIIBI KOIPPUIIMEHTOB;
4. uspars_solve () OpOU3BOIUT MCKIIIOUEHHE HEM3BECTHBIX.

Oco060 OTMETHM, YTO YKa3aHHBINA TOPSIOK
uspars_alloc () = uspars_init?() = uspars_fact() > uspars solve () (2.1)

BbI30Ba (YHKIMIA NpemonpenesieH TeM, 4YTo Kaxkaas (yHKOHS B OSTOH IMOCIEIOBATEIbHOCTU
MOJIrOTABJIMBACT BXOJHBIC JaHHBIC s cienyromeid (ynkiuu. Hapymenue nopsaka (2.1) Bbei3oBa
(YHKUIUH MPUBOAUT K crieUPHUECKOH omKOKe, HO OJIb30BATENb BIIPABE MEPEHCIIONB30BATh JaHHBIC,
MOCYUTAHHBIE Ha MPEABITYIIIX CTausIX JUTst MOBTOPHOTO 3aIrycKa
uspars_ fact () /uspars_solve() (cMm. 2.6). [na mepemaud [aHHBIX MEXKTy 3TalaMu
pemenns ucnonszyercss USP-ctpykrypa.

3ameuanue 2.0.1. Eciu mpebyemcs pewiums HECKOIbKO CUCTEM JIUHEUHbIX YPAGHEHUN ¢ OOHOU U
motl dice mampuyetl KOIpGUYUeHmos, Ho pa3HbBIMU NPABLIMU YACAMU, MO MO MONICHO COeLamb
nocie  mozo, Kak  ompabomana  ¢yukyus uspars fact (), ewizeas  Qyukyuio
uspars solve () HECKOIbKO pa3 ¢ COOMBEMCMBYIOWUMU 6EKMOPAMU NPABLIX YaCHell.

Kaxnas u3 nepednciieHHbIX (yHKIWI BO3BpallaeT Ko 3aBepIleHus. 3HaUeHNE KOjIa CUTHAIN3UPYET O
TOM, YTO BBIYHCICHHSI 3aBEPIIMIIMCH KOPPEKTHO, JrO0 00 ommbke. Bo m3dexaHue HEMITATHOTO
MOBEJICHUSI TPEXJe, YeM BBI3BIBATH CIENYIONMYI0 (QYHKIHIO HACTOATENILHO PEKOMEHIYeTCs
MIPOAHAIN3UPOBATH KO 3aBEPIICHUSI.

2.1.uspars_alloc (): co3ganue USP-cTpyKTyphI

CuHTakcuc

int uspars alloc (void **tt)
Include

uspars.h

Onucanue

OyHkIusa CIykuT a1 co3ganust USP-cTpyKTypel * *tt, mcmonb3yemMol (YHKIFSIMH TMakeTa Ui
obMena nanHbiMU. [Ipumepel ucmonb3oBaHuss (QyHKIMM uspars alloc () CM B JIUPEKTOPUU
examples.

Koabl Bo3BpaTa

Kon Yro o3Hauaer

0 YcnenHoe 3aBepiieHue

3 OmnOKa BBIIEIEHUSA TaMATH

22.uspars_init?(): moaroroBka K akropmMsanuy  MaTPUIIbI

K0P PUIIEHTOB

CuHTakcuc
int uspars init(void **tt, int n, int *ia, int *ja, void *a,
usp_scalar type utype, usp factorize type ftype,
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int *options)

int uspars init32(void **tt, int n, int *ia, int *ja, void *a,
usp_scalar type utype, usp factorize type ftype,

int *options)

int uspars init3264(void **tt, int n, long long int *ia, int *ja,
void *a, usp scalar type utype, usp factorize type
ftype,

int *options)

int uspars init64(void **tt, long long int n, long long int *ia,
long long int *ja, void *a, usp scalar type utype,
usp factorize type ftype, int *options)

Include

uspars.h

Onucanue

®dynknuu uspars init? () mnpenHasHadeHbl I8 HOATOTOBKM K (DaKTOPU3ALUM  MaTPUIIBI

KO3 () (PUITUEHTOB CHCTEMBI TMHEHHBIX YPaBHCHHIMA

Ax = f.

OrmernM, 4TOo QYHKIMHM uspars init u uspars init32 5KBHBaJECHTHBI M IOJb30BATEIb

MOXKET MCITI0JIB30BaTh HIO6y}0 H3 HUX.

Jlo BbI30Ba QyHKIMHU Uspars init? () nomkHa ObITh BhI3BaHA QyHKIMA uspars alloc () (cm.
2.1) xoropas cozmaer USP-ctpykrypy **tt. IlociemoBaTrenbHOCTh AEHCTBHH uspars init? ()

MIPEJICTaBIIEHA B CIEAYIOIIEM CITUCKE.

a) VYkaszarend Ha MAacCHBBI, Omperessonme MaTpuiy KoddduimentoB B ¢popmare CSR (cm
pazzaen 1.1), 3aHocsTest B cooTBeTcTBYIoNME ot USP-cTpykTyphr **t t.

b) bBamancupoBka (B aHIJIOSN3BIYHON JIUTEpAType MOTYT MPHUMEHATHCA TepMHUHBI Scaling wim
balancing) marpuil k03(hGHUIMEHTOB yTeM YMHOXCHHUS €€ Ha CICIUAIbHO MOI00paHHBIC
MaroOHAIIbHBIE MAaTpHUIel (cM mofpasnen B.2). bamancupoBka MoxkeT OBITh BKIIOYEHA HIH

BBIKITIOYEHA (o criocobax TePEKITI0YCHUS cM OICaHue napamerpa
options[USP_ SCALING]). B3amen marpuis! A BO3HUKAaeT MaTpHLIA
A = {DIADT OaslaHCMPOBKA BKJIIOYEHA;
171 baJslaHCHPOBKA BBIK/IIOYEHA.

c) IlepectaHoBka CTpPOK MaTpuilbl (CM moxpasfen B.3) ¢ menbio yBEIUYHUTh MHUHHMYM
aOCOJTIOTHBIX 3HAYCHUI ee TMaroHalbHbIX 3JeMeHToB. Takas omepaiust Ha3siBaeTcst matching
U TIPUMEHseTCsl TOIBKO Al MaTpul obmero Bujga (ftype == USP LU) (0 TOM, KaKk OHa
BKITIOYAeTCs, CM Janee). GopMyna Jiist OMMCaHUs 3TOH OepaIiu
Dy PnA1 Dy, matching c 6a/1aHCUpPOBKOH
Ay, =1 PrA, matching
Aq 6e3 ucrnoJib30BaHUs matching
3nech P, 0003HaYaeT MaTpuIly epecTaHOBOK.

d) Cummerpusanus noprpera MaTpuipl K03 OUIIMEHTOB.
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e) CumMmeTpuuHas MEPECTAHOBKA CTPOK W CTOJOIIOB MATpHIbl (QJITOPUTM IEPECTAHOBKU
onpenensercs napamerpomM options[USP_RTYPE]) ¢ LENbIO YMEHBIIEHHS CTENECHH
3aMOJTHEHUS] HEHYJIEBBIMH DJIEMEHTAMH TPEYroibHBIX (hakTopoB. B pesymbraTe momydaercs
matpuna A; = PA,Pt (P = I, eciv He MCTIONB3YIOTCS NIEPECTAHOBKH).

CumBonbHas akTopuzanus MaTpulbl A3. B pesynbTare cTaHOBHTCS ONpeneIeHHBIM MOPTPET
pa3pexxenHort Matpuliel L (u marpunsl U B cinyuae LU-pasioxeHus), U, COOTBETCTBEHHO
00beM TpebyeMoi TaMATH JJIsl XpaHEeHHsI €¢ HEeHYJIEBBIX 3JIEMEHTOB. Brijenenne namsTu moj
MACCHBBI TIPOMEKYTOUHBIX JAHHBIX M HEHYJIEBBIC 3JEMEHTHI TPEYTOIBHBIX (HaKTOPOB.
VYKkaszarenu Ha 3TH MacCHBBI COXPAHSIOTCS B MOJISIX CTPYKTYpHOU MepeMeHHo! tt.

Tabmuma 2.2.1: AprymenTsl QyHKIMH uspars init? ()

THII UM Ha3nauenne
infout Tt VYkazarenb-Ha-ykazatenb Ha USP-ctpykTypy
input N [opsmok marpuiier, >0
Tpoiika wmaccuBoB, ompenenstonmx CSR-matpuiyy (cm  pasmen  1.1)
kooduuuentor A.! Tun ykasatens a mnpuBeneH K Tuny void*,
ia, ja, uHbOpManus 00 WUCTHHHOM THIIC DJIEMEHTOB 3TOO0 MAacCHBa MEpeaacTCs
input a Yyepe3 3HaueHHe napaMmerpa utype
input utype Wudopmanust o THIIe HEHYJIEBBIX dJIeMeHTOB MaTpuilbl (cM Tadmuy 1.3.1)
input ftype Nudopmanust o THe GpakTopu3anuy MaTPHIL (CM Jaee)
Maccus (utnHO# USP_OPTIONS) OMNNHH, HCHONB3yeMBIX (QyHKIHAMU
nmaketa USPARS. 3nauenne mapamerpa USP_OPTIONS ompefeneHO B
input options uspars.h

Hwxe yka3anbl COOTBETCTBHS MEXKAY TUIIOM (PaKTOPU3ALNH, JOIMYCTHMBIMHU
THTIOM

BHYTPEHHUM
A= npu
LLT
A= IIpH
LDLT
A= IIpH
LI
= npu
LDLH
= pu
LDLT
A= IpH
LU

00111eTO BHIA

Criucok donycmumulx 3Hauenull 3IEMEHTOB MaccuBa options:

1 HH,I[CKCLI QJICMCHTOB MAaTpHIbI, 3JICMCHTBI MAaCCUBOB ia, ja MNpeACTABIAOT coboit CABUI'M OTHOCHUTCIIBHO Ha4Yajl

XapaKTepUCTUKAMU MaTpULbl A U

USPARS, nepeaBacMbIM B KauecTBe apryMmeHTa

A= ftype == USP LLH; (2.2)
€ Rm<n AT >

0

A= ftype == USP_LDLT; (2.3)
€ Rm<n AT

A= ftype == USP LLH; (2.4)
€ Ccmm A >

0

A= ftype == USP_LDLH; (2.5)
€ cnm<n AH

A= ftype == USP_LDLT; (2.6)
€ cnmxn AT
A — KBajipaTHast MaTpHUIla ftype == USP_LU. 2.7)

COOTBETCTBYIOLINX MACCHBOB U HaumHarotcs ¢ Hyist (C-style Hymepanis). DieMeHTs MACCHBOB i, ja YIOBICTBOPSIOT
yeaosusiM (1.1), (1.2) B obmiem ciydae, yenoBusim (1.4), (1.5) B cHMMETpHYHOM MIJIM 3PMUTOBOM CITydae.
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* options[USP MSGLVL]

o 0: 'Mom4anuBble' BEIUNCIICHUS (HUKAKOH [eYaTH Ha SKpaH HE MPOU3BOIAMUTCS).

o 1: cpenuuii ypoBeHb TOBOPIMBOCTH' BBHIYMCICHHH — BBHITOJHEHUE HEKOTOPBIX (PYHKIUHA
COMPOBO’KIAETCS Bblaueil Ha SKpaH (3Hauenue no ymonuanuio)'.

O 2: MakcUMallbHBI ypOBEHb 'TOBOPIUBOCTH' ((PYHKIHH COOOIIAIOT O BXOAE-BBIXOJAE, 00
OMMOOYHBIX CHTYAIUAX, CTATHCTHKE TAMATU M BpeMEHH paboTsl, ...)%.

o 3: pacuMpeHHBI JUarHOCTUYECKUH YpPOBEHb 'TOBOPJIMBOCTH', TpeAHa3HaYCHHBIN
TJIaBHBIM 00pa3oM 1uist otiaakd. OH moxpa3yMeBaeT JOMOTHUTEIBHBIC PACXObI MTaMSITH
U yXyJIIeHHe MPOU3BOAUTEIHLHOCTH U3-3a JOMOJHUTENbHBIX BEIYUCICHUH.

* options[USP_SCALING] ONpEIEnser, BKIIOYaTh HIA HET 0aIlaHCHUPOBKY MAaTpPHIIBI
ko3 uimenToB (cM pasaen B.2). 3HaueHue 3TOro mapamerpa NPUHUMAETCS BO BHUMAaHUC
Tonbko mpu wucnons3oBanud LU-, LDLT- u LDLH-dakropuzanmii. B ciyqae LLH-
(hakTOpHU3ANMY 3HAUEHUE ITOr0 MapaMeTpa UTHOPUPYETCs, 0aTaHCUPOBKA HE IIPUMEHSIETCS.

o 0: He UCTIONMB30BaTh OATAHCUPOBKY (3Hauenue no ymonuanuio ona LLH).
o 1: ucmons30BaTh OanaHCUPOBKY (3Hauenue no ymonuanuio ons LU, LDLT, LDLH).

* options[USP MATCHING] ompeznenser, BKiodath wiu Her matching (cm pasgen B.3).
3HaueHne 3TOro mapamerpa IMPUHUMAETCS BO BHHMAaHHWE TOJNBKO NpU HUCmonb3oBanuu LU-
(akropuzanuu, (paszaen B.3). B nporuBHOM cilydae 3HaUCHHsI 3TOTO MapaMeTpa UTHOPUPYIOTCS.

o 0: me ucronms3osatb Matching (zuauenue no ymonuanuro ona LLH, LDLT, LDLH).

o 1: ucrosnp3oBath mMatching ¢ makcuMu3zanueii MUHUMAIBHOTO JJIEMEHTA Ha IMaroHAJN
(3nauenue no ymonuanuio ons LU).

o 2:wucnonb3oBatk Matching ¢ Makcumu3anuell MPOU3BEICHUS THATOHAIBHBIX JIEMEHTOB.

o 3:ucnonb3oBatk Matching ¢ Mmakcumu3anuel MPOM3BEICHHUS THArOHATBHBIX JIEMEHTOB H
MoCHeAyIoneld OalaHCHUPOBKOW MATpUIBl TaKUM 00pa3oM, 4YTOOBl JHArOHAIbHBIC
2JIEMEHTHI OBLIM PaBHEI 1, a BCe OCTANIbHBIC OBUTH MEHBIIE, JINOO paBHEI |1 (mpuMedaHue —
JaHHAS 0araHCHpOBKa paboraer HE3aBUCHMO or napamerpa
options [USP SCALING]).

= options [USP_RTYPE] OIIpeNeIsIET IIEPECTAHOBKY CTPOK H CTOIOIIOB MaTpHIbI,
MIPUMEHSEMYIO ISl COKpAIlleHHsI YHClia HEHYIIEBBIX DJIEMEHTOB B TPEYTONBHBIX (haKTopax.
ITepecTaHoBKa OIPENEIACTCS BeKMOPOM HEpecmaHosKy, KOTOPBIM MOXKET OBITh 3a;aH
MTOJIB30BATEIIEM, BBIYHCIIETCS C ITOMOIIBIO CICIHAJM3UPOBAHHBIX TIPOrpaMM JIMOO He
HCTOJIB3YETCsl BOBCE B 3aBUCMMOCTH OT 3HA4YEHHs options [USP_RTYPE] .

o 0: BekTOp TepecTaHOBKH HE UCTIONB3yETCS.

o 1: BekTop mepectanoBku paccumthiBactcs ¢GynkimamMu USPARS-kommonentsr Atlant
(3nauenue no ymonuanuro).

O 2: BEKTOp IEPECTAaHOBKH BBIYMCISACTCS ¢ momoinsio Metis, ecnu maker ycTaHOBJIEH
(libmetis.so mrs Linux, libmetis.dylib mms MacOS, metis.dll gms Windows). B
NPOTUBHOM Cllydae 3HAYCHHUE OINLMM MEpeKtoyaerca B 1 M BBIUKCICHHE BEKTOPA
epECTaHOBKHU IIPOUCXOAUT ¢ MOMOIIBIO KOMIIOHECHTBI Atlant.

O 3: BEeKTOp MepeCcTaHOBKH 3a1aeTcs mosb3oBateneM (cMm pasen 2.6).

= options[USP ITER REF] - orpaHMyeHue 4YWcja IIaroB HMTEPAIMOHHOIO YTOYHEHHS.
Ecmu options [USP ITER REF] == 0, TO HT€PalUOHHOE YTOYHEHUE HE HCIIOIB3YETCS
(3nauenue no ymonuanuro). YtoObl HTEPALMOHHOE YTOYHEHHE BKIFOYHMJIOCH, 3HAYCHUE
options[US P ITER REF] JI0IKHO OBITh IIOJIOKUTEIBLHBIM. I/ITepauHOHHoe YTOYHEHHE
OCTaHaBIIMBAETCA 110 TOCTHXKEHUIO OrPAaHUYEHHS] YMCIIa IaroB JIM0O0, €ClIi BBIIOIHEH KPUTEpUi
OCTaHOBKHM MO OTHOCHUTEIBbHOM HeBsi3ke (cM paszaen C.2). 3nauenus no ymonuanuio napamerpa
aB(C.1):

1 Harpumep, BKITIOUCHHE OTOOPaKEHHUsI Ha SKpaHe «MHANKATOPA BBIOIHEHH» (Progress-bar) camoro tpymoeMKoro
sTamna — (akropuzanun. B cirydae ucnonszoBanns USPARS-OOC BeiBoguTCs HH(OpMAanus 0 BKIIOYEHHONW MOJIE.

2 DTOT ypOBEHb MOXET OBITh IOJIE3€H NMpH 00IIeHNH ¢ pazpadorunkamu makera USPARS B ciydae BOSHUKHOBEHHSA
BOIIPOCOB IT0 KOHKPETHOMY MCIOITHEHHIO TIPOTPaMMBbI ITyTeM IPEI0CTaBIICHHUS BbIIaBaeMOi HH(POPMAIHH.
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o le-6 s OOBIYHON TOYHOCTH;
o le-14 nnsg ABOMHON TOYHOCTH,
JlJi u3MeHeHHs 3HaYCHUS TapaMeTpa @ CIeyeT UCTIONB30BaTh BEI30B (DYHKIIUU

uspars_param set (&t, USP_ITER STOP CRIT, &value);

roe t ykazarenb Ha USP-ctpyktypy, value — umcno tuma double, ycranaBiuBaemoe
3HAa4YCHHUE MapaMeTpa.

options [USP_RUN MODE] ompenenseT peXuM paboThl pemiaTens — KOMOMHAIUIO H3
peoprepuHra u (pakTopU3aIy, ONTUMUA3HPOBAHHBIX 110J] KOHKPETHBIC Pa3Mephl 3a/1a4u.
o 0: aBTOMaTHYECKH BEIOOP (3HAUEHUE NO YMOIUAHUIO).
o 1: mepecranoBka Nested Dissection (ND) u dakropusanus Panel Left Looking — xoporiro
napauIe/ii3yeMblid PeKUM, ONTUMH3UPOBAHHBIH /IS GOJIBIIMX CHCTEM
2: nepecranoBka Approximate Minimum Degree (AMD) u daxropusamuss Row Right
Looking — pexxum, npeiHa3HAuYCHHBIN [T MAJBIX CHCTEM.
o 3: mepecranoBka Approximate Minimum Degree (AMD) u daxropusamust Panel Left
Looking.
o 4: mnepecranoBka Nested Dissection (ND) u dakropuzanus Row Right Looking.

e}

options[USP_OMP THREADS] 3amaer uuciao OpenMP-norokos, koropeie USPARS
HCIIOJIB3YET BO BHYTPCHHUX IMapaJlJICIIBHBIX YUaCTKax.
o -1: mconp3oBaTh 3HAUEHHE IO YMOITYAHHUIO, paBHOE omp_get max_threads() Ha MOMeHT
BBI30OBa uspars_init?().
o k rme 1 <=k <=omp get max threads(): ucnons3zoBats k OpenMP-110TOKOB BHYTpPH
USPARS.

Ecnim  3Hayenne  options[USP_OMP THREADS] MeHpmie 1 wimm  Gonblue
omp_get_max_threads(), To oHO 3amensiercs 3HaueHmeM 1o ymomdanuoo. USPARS He
BbI3bIBaeT OMP_Set_num_threads() npu 00paboTKe 5TOM OMIKH, MMOITOMY TIJI00aTbHASL
Hactpoiika OpenMP B mporiecce He H3MEHSIETCSI.

options[US P_CHECK_LU] BK/IIOYACT  JOIIOJHHUTEIILHYIO  JUAarHOCTHKY  KadecTBa
MTOCTPOSHHON (haKTOpHU3AITHH.
o 0: gmarHocTHKa BRIKIIOUEHA (3HAYEHHE 10 YMOIYAHHIO).
o 1: mocme QaxTopu3anmuy BBYUCISAIOTCS MaKCHMalbHBIE JJIEMEHTHl  OLIMOKH
(hakTOpM3aNNY M CTATHCTHKA MAaTPULLI U (HaKTOPOB.
O 2: IOTONHUTENHHO BBITIONHIETCS MPOBEPKa MO CIydalfHOMY BEKTOpY W (OPMHUPYIOTCS
OLIEHKH, CBSI3aHHBIE C TOYHOCTHIO MPUMEHEHUS TIOCTPOSHHOH (haKTOPH3AIIH.

Juarnoctuka TpeOyeT NOMONHUTEIEHOTO BPEMEHNU W MaMSTH, TO3TOMY B TPOH3BOIUTENBHBIX
pacderax ee clemyeT OCTaBJIATH BBIKIFOYEHHOW. {15 BRIBOAA AMArHOCTHYECKOW MH(OPMAIHN
CIIEyeT MCIONb30BaTh options [USP MSGLVL] >= 2.

st uHTepdeiica uspars_init3264() 3HAYCHUC options[USP CHECK LU]=2
aBTOMaTH4YeCKH 3amenserca Ha 1. Jlna pexumoB options[USP_RUN MODE]=2 wu
options[US P RUN MODE]=4 JMar{HocTMka KadecTBa q)aKTopmauHH aBTOMATHYECKU
BBIKIJIFOYAETCS.

options[USP_TYPE ITER] — THI MTE€PALIMOHHOIO YyTOYHEHHS.
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o 1: Meron mpoCThIX HTepauuil (3Hauenue no ymonuanuro, cMm pasaen C.2). CxomumMocTh
MOXeT OBIThb MEIJICHHOW, HO 93TO KOMIICHCHUPYETCS TEM, 4YTO CaMH HTepalu
BBITIOJIHSIOTCA OBICTpEE, YeM B APYTHX METOAX.

o 2:3ape3epBUPOBAHO JIJIs OYyIYIIUX pean3anuii. B naHHBIH MOMEHT HE UCTIONB3YeTCs

o 3: BiCGStab (Biconjugate Gradient Stabilized). Ero npenmyiecta BKIIFOHaIOT BBICOKYFO
CKOPOCTb CXOJUMOCTH U YCTOHUUBOCTH, OCOOCHHO JUISl 3a/1a4 C MII0X000YCIOBICHHBIMU
MAaTpULIAMHU.

* options[USP BK] oTBedaeT 3a BKIIOYEHHE WIH BbIKToueHHe omuuu Bunch-Kaufman
¢daxropuzanmu (cm pasmen C.5).. DTOT MeTOa HCMOMB3YeTCsl OIS TOBBIIICHUS YHCICHHON
CTaOMJIBHOCTH TPH PENIeHWH JHHEWHBIX CHCTEM C TOMOMIBI0 (DaKTOpH3alMKd MaTpPHIIBI
ko3 dunmenToB. B 3aBUCUMOCTH OT XapaKTEPUCTHK HCXOTHOH MAaTpHIIBI, UCIOIb30BaHUE
Bunch-Kaufman d¢akropusaiun MOXeT 3HAYUTEIBHO YIYYIIUTh TOYHOCTH TIOJNYy4aeMOro
pelIeHHS.

o 0: me ucnonb3oBath Bunch-Kaufman ¢akropuzamuio (3nauenue no ymonuanuio). Itot
BBIOOP MOXKET OBbITH MPENIMOYTHTEICH JUIsl MAaTPHIl, KOTOPbIE YXKe 00JaJaroT XOpOoIeH
YHUCJICHHONW CTaOMIBHOCTBIO WIJIM KOT/Ia BBICOKAass CKOPOCTh BBIYHCICHHH SIBIISIETCS
MIPHOPUTETOM 110 CPABHEHUIO C TOYHOCTBIO.

o 1: ucnonms3zoBate Bunch-Kaufman ¢dakropuzanmioo. ITOT BapHaHT pEKOMEHIYETCs st
MaTpHI] C TJIOXOH OOYCIIOBIIEHHOCTHIO HIIM KOrJa TpeOyercss MaKCUMallbHO TOYHOE
pemenne nuHelHOW cucrembl. ®akropuszanus 1no Bunch-Kaufman obGecneunBaer
JIOTIOJTHUTENFHYIO YHCIICHHYIO CTaOWJIBHOCTh 32 CUET HE3HAYUTEIBHOTO YBEIHYCHUS
BpPEMEHU BBIYUCIIEHUH.

* options[USP_BOOSTING]—BKIIOUYEHHE AMaroHaIbHOI mopuepxkku (cM paszgen C.3.1) npu
BorunciaeHun LDLT-, LDLH-, u LU-dpakropu3zaiuii, 4ro0bl H30€KaTh BOZHUKHOBCHHUS OIIMOKH
Zero Pivot (cm pasgen C.3).

o 0: mommepKka HE BKIIOUCHA;

o 1: BKIIOYATH [OWATOHAJIBHYIO TOANEPKKY [UIS HYJIEBBIX JJIEMEHTOB Ha JTHATOHAJH.
(3nauenue no ymonuanuio),

O 2! BKIIOYHUTH YCUIICHHYIO TUATOHAJIBHYIO MTOJUICPIKKY.

[lpu BKIFOYEHHOW JIUATOHAJBHOW MOMJCPKKE HEKOTOPhIE M3 JUATOHAIBHBIX JIIEMEHTOB B
nporecce (akropu3anud MOTUPUIMPYIOTCs. Js Toro, 4ro0bl OMpeneNnTh Kakue 3JIeMEHTHI
MOJIBEPTatOTCS MOMU(PHUKAIMY, HCIONB3YeTCs 'YPOBEHb MallOCTH' Opppse (IO YMOIYAHHUIO
1071 gaa options [USP_BOOSTING]=1 u 107% anms options[USP_BOOSTING]=2).
UToOBl yCTAaHOBUTH 3HAUECHHE Opgpst, CICMYET UCIOIH30BATE BHI30B (DYHKIIMU

uspars param set (&t, USP BOOSTING VALUE, &value),

raoe t ykasarenb Ha coorBercTByromyro USP-ctpykrypy, value — wumcrno tuma double,
YCTaHABIMBAEMOE 3HAUCHHE Op st ECITU BKIFOYCHA IHArOHATbHAS TTOJICP/KKA U HE BKIIIOUCHO
UTEPALIMOHHOE YTOYHEHHE, TO OHO AaBTOMATHYECCKH BKIIOYACTCS HAa 2 WTEpalMu IS
options[USP_BOOSTING]=I uHa4 ntepauuu a11 options [USP._BOOSTING]=2.

* options[USP_GLOBAL PIVOT]— BKIIOYEHHE IJI00aJIbHBIX IIEPECTAHOBOK (CM pasjen
C.3.2) nupm Bemuucnenun LDLT-, LDLH-, u LU-dakropuzammii, utoObl u30exaTh
BO3HHKHOBEHUsI OOk Zero Pivot.

Ecmm options [USP_GLOBAL PIVOT] == 0, TO r100ajbHbIE NIEPECTAHOBKU BBIKIIIOUEHBI
(3nauenue no ymonuanuro). UtoObl BKIIOUMTH IJI00ANbHBIE MEPECTAHOBKU, 3HAYCHUE
options[USP_GLOBAL PIVOT] HOKHO OBITH paBHO 1.

3HaueHHe IO yMOJNYaHMIO Tapamerpa manoctd 8y, (cm. C.5) paBHo le-8. UroOwl ero
W3MEHHTB, CJIEJYET UCIONb30BaTh BHI30B (DYHKLIUU

18



uspars param set (&t, USP_GP EPS, &value),

rae t ykaszarenb Ha coorBercTByrouryto USP-ctpykrypy, value — wuymcno tuma double,

Tpebyemoe 3Ha4UeHne napamerpa Ggp.

- options[USP_BRX] npu BKJIOYECHHOM UTEpallMOHHOM YTOYHCHHUH IIO3BOJIACT
HCHOJB30BaTh B KA4yeCTBE PEUIEHUS MAacCUB, IMOJYYEHHBIH Ha UWTEpaluMd C Jy4dlleil

OTHOCHUTENIBHON HEBA3KOM IO EBKJIMAOBOW HOPME.

o 0: pemieHueM SIBJISIETCSI MAacCHB, MOJMYYEHHBIH Ha MOCIEAHEH UTEpaluu (3Hauenue no
YMOUAHUIO);

o 1: peli€HuEM ABJIACTCA  MacCCHB, HOJ'Iy‘-ICHHI)II\/'I Ha wHWTepaun C HanMEHBIIIEeH
OTHOCHUTENBHON HEBI3KOU

options [USP_OOC_MEM] mo3Bonser mepekmouats moapl - In-Core (IC) mu6o Out-Of-
Core (OOC), B KOTOPBIX paboTaeT TMaKer.

o 0:1C moma. /uckoBast aMsTh HE UCIIONB3YETCS (3HAUEHUE NO YMOIUAHUIO),

o >0: Native OOC mopa. 3Hauenne options[USP_OOC MEM] mpeacTaBiseT coOoi
OrpaHMYCHHS Ha 00beM TpeOyeMoil ornepaTHBHOM mnamsaATH (B rurabaintax). Ecmm
0Ka3aJIoCh, YTO 00beM TpeOyeMol MEHBIEe 3TOr0 YHcia, BCe MPOMEKYTOUYHBIC JTaHHBIE
COXPaHSIOTCS B ONEPAaTUBHOM nmamsaTH. Ecin ke 00beM TpeOyeMol maMsTH MPEBOCXOIMUT
9TO OrpaHWYeHHE, TO U XPAHEHHS MPOMEXKYTOYHBIX pE3YJbTATOB HCIIOIB3YeTCs
JIICKOBAsI IIAMSATh, © 00hEM HCIIONB3yEMOW OMEPAaTUBHON MaMSITH OCTAETCS B 3aJIAHHBIX
mpezenax.

o < -1: Forced OOC moma. B aT0if Mojie HE3aBHCHMO OT TpeOyeMOro oOhema IaMsTH
MPOMCXOUT 3aITUCh MPOMEXYTOYHBIX JJAHHBIX HA JIUCK, HO 00BEM OINEPaTHUBHOMN TaMSITH,
HCTIOJIE3YEMOM B nporecce (akropuzanum, HE MPEBBIIIACT (-
options[USP_OOC MEM]) rurabGaur.

3ameuvanue 2.2.1. Eciu snauenue kaxozo-mo snemenma maccuea options paswo -1 (umu ne
coomeemcmeyen ONUCAHHBIM 8blUle BAPUAHMAM), MO 6 Npoyecce GbIYUCIEHUNl MO 3HAYEeHUe
NOOMEHSIemcsi 3HAYeHUeM N0 YMOTUAHUIO.

Koabl Bo3BpaTa

Kox Yro o3Havaer
0 YcnemrHoe 3aBepiieHue
*tt==NULL. [IpoBeputs, yTo uspars_alloc () ObLIa BEI3BAHA 10 BBEI30BA uspars_init ()
1 U ee Koz Bo3Bpara paseH ()
2 He BBINONMHEHB! YCIIOBUS Ha BXOTHBIE TaHHBIE (CM CITMCOK HIKE)
3 OmmobKa BbLIeNeHns aMsTH. [IpoBepuTh pa3sMepbl MacCHBOB
9 [MomnbITKa UCTIONB30BATH HEMOCTYIHBIN (HYHKIIMOHA
999 Hexnaccudunupyemasi BHyTpeHHss OIIHOKa

VcnoBus Ha BXOIHbIE JaHHbIE 111 QYHKIMN uspars init? () mpeacTaBieHBI B CIHCKE:

n > 0;

VYkazarenu ia, Jja, a KOPPEKTHO ONpEIeNEHBI;

JluaroHanbHbIC 3JIEMEHTHI KOMIUIEKCHON 3pMUTOBOM MaTpPHIIBI BEIIECTBEHHEI;

DneMeHThI MaccuBa ja ynoBieTBopstoT ycioBusaM (1.1), (1.2) ((1.4), (1.5) B cummerpudHOM
ciyyae).
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23.uspars_fact (): TpeyroabHas ¢pakTopusanms pa3peskKeHHbIX MaTPUL]

Cunrakcuc
int uspars fact (void **tt)
Include

uspars.h

Onucanue

@OyHKIWs TpeHa3HaYeHa JUTs BBIYMCICHUS TPEYTONbHBIX (akropu3aiuii (cM. B.1), Tvi KOTOphIX ObLI
ompeziesieH Ha MPpeApIAyIeH cTtaauu (cM. 2.2)

IMopsimok MaTpuilbl n, yKasaTeld Ha MmaccuBel (ia, ja, a), mpeacTaBisoounme marpuiy A B
¢dopmare CSR, xpaHsTcsi B MOJNSIX CTPYKTYPHOH MEPEMEHHOM, yKa3blBaeéMOH *tt, KOTOpbIE ObLIH
NpeBapUTENLHO 3aloJIHEHbl B mporiecce paborsl QyHKnmMH uspars init? (). USP-crpykrypa
**tt OJHOBPEMEHHO SIBIISIETCS U BBIXOIHBIM MapamerpoM GYHKIUH uspars fact () — MacCUBHI C
pe3yabTaTamMu (HaKTOPU3ALNN TAKKE IIEPEIAIOTCS Yepes Mo * *tt.,

Ecmu Ha cramum uspars_init?() Obira BkmodeHa omus options[USP_CHECK LU]J, To mocie
IOCTPOCHUMA Q)aKTOpOB BBIITOJIHACTCA AOIIOJIHUTCIIbHAA [OUArHOCTHKa KadeCTBa @aKTOpI/I?ﬁaHI/II/I
(moapobHee B 2.2).

Koabl Bo3BpaTa

Kon Yro 03HaYAET

0 YcneuHoe 3aBepiieHue

1 *tt==NULL. [IpoBepuTh KOPPEKTHOCTb KOJA.

3 Ommbka BblAeneHus mamMsaTi. [IpoBepuTh pazmMepbl MacCHBOB
4 ‘Zero pivot’ (cm pasgenst C.3.1, C.3.2)

6 Hapymiena nocnenoBarensHocTh (2.1) Bb3oBa QyHKIMNA

999 Hexnaccuduuupyemasi BHyTpeHHss OIIMOKa

2.3.1. MHo>ecTBeHHBII! 3aI1ycK PyHKLIN

[locne mpenBapuTenpbHONM MOATOTOBKKA (cM pasgen 2.2) marpumbl A, HWMeeTcss BO3MOXKHOCTH
HEOrPaHMUYEHHOE 4YHCIIO pa3 3almyckaTh uspars fact. OTo MO3BOJNAET SKOHOMHUTH BpEMS Ha
peLIeHrEe CUCTEM C OAMHAKOBBIM HOPTPETOM (OOMHAKOBBIM PACIIONIOKEHUEM HEHYJIEBBIX JIEMEHTOB).
EnnHCTBEHHBIM OrpaHHYeHHEM Ha NEPEHCIONb30BAHHE JAHHBIX, MONTYYEHHBIX B XOZE BBIIIOJHEHUE
byHkuMu uspars init, sBiseTcs OTCYTCTBHE BO3MOKHOCTU HCHONB30BaHUS USP MATCHING
(cM pasmen 2.1).

Jlnst Toro, 4roObl 3aJaTh HOBBIC 3HAUCHUS JUISi HEHYJEBBIX DJIEMEHTOB HCXOIHOW MaTpHUIbl A,
HEOOXOIMMO TIepel TOBTOPHBIM 3aIlyCKOM (DaKTOpU3alMu JT00aBUTh UX B CTPYKTYPY C HOMOIIBIO
¢GyHkuuu uspars param_set (cM pasgen 2.6). Hanpumep, ciemyronmm o6pazom:

uspars param set (&tt, USP_A CSR, &a updated);
uspars_ fact (&tt);
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24.uspars solve(): DPemenme cucreM AMHENHBIX YpaBHEHUI C

¢akTopnsoBaHHOI MaTpuLel KO>PPUINeHTOB

CuHTaKcuc
int uspars solve (void **t, int m, void *b, usp scalar type utype)
Include
uspars.h
Onucanue
@YHKIMSA NPEeIHA3HAYEHA JUIsl PELIEHNs] CHCTEMBI JINHEHHBIX YPaBHEHUN
AX =B (2.8)

C pa3pexeHHoll n X-marpurierd Ko3¢pGuIreHToB A 1 M BEKTOPOB MPAaBbIX YacTeH, MPeICTaBICHHBIMU
B (2.8) mpsamoyrompHOM n X m —matpuueii B. Marpuna Kod(QQHUIMEHTOB MpPEABAPUTETHHO
(akTOpH30BaHa C TOMOMIBIO BEI30Ba QyHKIMHU uspars_fact().

Tabmuma 2.4.1: AprymenTsl GyHKIMHN uspars solve ()

THI umsi Haznavyenue

input tt VYkazatenb-Ha-yka3atenb Ha USP-cTpykrypy

input m Yucno npaBbIx yacTeit

in/out B Maccup! (umHBI n*m) uucen ¢ muasamomeil Toukoi. Ha BXome Maccus
COICPIKUT KOMITOHEHTBI BEKTOPOB-CTOJIOIIOB HpaBbIX Jacreii,

pacrnonaralponuyxcsi B HaMsATH 10 cToiOuam (j-si KOMIOHEHTa K-ro BekTopa
nmeetr aapec B+k*n+j). Ha Beixome momoOHbIM jxe o0pa3oM B MaccuBe B
pacnonararorcss KOMIIOHEHTBHI COOTBETCTBYIOIIMX BEKTOPOB HEHW3BECTHBIX
(cTonb1roB MaTpHIH! X)
input utype Wudopmanus o GpakTHueckoM THUIIE SJIEMEHTOB MAaTpHIlbl B.  3Ha4YeHHe

mapaMerpa IOJDKHO COBIAJaTh CO 3HAYeHHEM MapaMerpa utype, KOTOPBIH
OMPEENSUI TUIl DIIEMEHTOB MAaTpPHUIbI KO3()(UIIMEHTOB MpU BbI30BE (DYHKIUU
uspars_init? (). B mocnenyromux Bepcusix USPARS Gyner moGasnena
MOAJePKKA PELICHHS CHCTEM, KOTOpble OBUIM (DaKTOPU3OBAHBI C IPYTHUM
CKAJISIPHBIM THIIOM.

Koabl Bo3BpaTa

Kon Yro o3Hauaer

0 YcneiHoe 3aBepiicHue

1 *t£t==NULL. IIpoBepHUTh KOPPEKTHOCTb KOJA.

2 m<0, unmu b==NULL w1 ut ype He COBMAJaeT C THIIOM MaTPHUYHBIX SJIEMEHTOB
3 OmmbKa BbIAENeHNS TaMATH. [IpoBepHUTh pa3Mepsl MacCHBOB

6 Hapymena mocnenoBarensHocTh (2.1) Bb3oBa (GyHKIMH

1 Vka3artenb MPUBEAEH K THITy vO1d* Ul yHUBepcaIn3aluy HHTepdetica, nHGopManus o0 HaCTOSIIEM TUIIE
JJIEMEHTOB MACCUBa b MepefaeTcs 4epes mapamerp utype.
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7 Urepanmonnoe yrounenue pemenus (cM paszaen C.2) He conuioch

999 Hexnaccudunmpyemast BHyTpeHHsIs1 OIInOKa

2.4.1. MHO>eCTBeHHBIN 3aIlycK QyHKLIN

[Tocne dakropusanuu (cM pasaen 2.3) MaTpulilbl A, HMEETCS BO3MOXKHOCTh HEOTPAHHMUCHHOE YHCIIO
pa3 3amyckaTh uspars solve Ha TOW e CaMOH CHCTeME YpPaBHEHHH C JPYrMMHU IIPaBbIMU
gactaMu. Hukakux OFpaHI/I“ICHI/II\/'I Ha TICPEUCIIOJIb30BaHUC (I)yHK]_[I/II/I peuicHusa CHCTEMBbI HE
HaKJIa(bIBACTCSL.

2.5.uspars param get (): A0OCTyI K HEKOTOPBLIM ITOASIM tt

CuHTaKcHuc
int uspars param get (void **tt, usp param data id, void *a)
Include

uspars.h

Onucanue

OyHKIMS CIYXUT JUIS W3BICYCHHUs JaHHBIX, XPAHANIMXCS B MOJSIX CTPYKTYPHOH IEpeMEHHOM,
yKa3pIBaeMoH ykaszarteneMm *tt. He Bce 3TH JaHHBIE JOCTYIIHBI MTOJB30BaTENIO. V3BIIcKkaeMble TaHHBIE
CrenmupUIUPYIOTCS 3HAYSHUEM BXOIHOTO ImapamMerpa 1d (cm Tabmuiy 2.5.2)

Tabmmmna 2.5.1: AprymenTs! Gyukimu uspars param_get()

THII ums ums
input tt VYkazatenb-Ha-yka3atenb Ha USP-cTpykrypy
input id [Mapamerp a1 cienuduKaniy U3BJIEKaeMbIX JaHHBIX

YkazaTenb Ha MAacCUB, KyJla TIOMECTUTh U3BIieKaeMyto nHpopmanuio. [Tlamsars mox
9JIEMEHTHl MacCHBa JIOJDKHa OBITh  BBICNIEHA JIO BbI30Ba  (DYHKIIUHU
output a uspars param get ()

Ta6uuia 2.5.2: BosmokHble 3HaueHus aprymenTa id dynkipm uspars _param_get()

3uavenue id Cnenunduxanus JaHHbIX Tun[pasmep]
MaccuBa a
USP_ERR KOJI OIINOKH int[1]
USP_NNZL YKCIIO HEHYJIEBBIX 31eMeHTOB L-dakTopal double[1]
USP PERM VECTOR BEKTOP MEPEeCTaHOBOK Ui IepeyHopsIOYHBAHUSL int[n]
DIEMEHTOB HCXOJTHOM MaTpHIIBL nepern
(hakTopu3anmeit
USP MEM FCT [Napamerp mis monmydeHust nHGOpPMAIMK 00 OLCHKE double[1]
oobemMa mamsATH (B Oairtax), TpeOyemon i
(haxTopu3anmu
USP_D VECTOR Juaronanbubiil Bektop D (mmuner N) uz LDLT u LDL? utype[n]
pasnoxenuit. Ero 31eMeHTbI 3aiChIBAIOTCS B MACCHB
a.

1 Ecam BkiItoyeHa options [USP._GLOBAL PIVOT], BO3BpalllaéMOE YMCIIO HEHYJEBBIX 11eMeHTOB B L-hakrope
MOKET OBITH HEBEPHBIM
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Koasb! Bo3BpaTa

Kon Yto o3HauaeT

0 VYcnenHoe 3aBeplieHue

1 *t£t==NULL. IIpoBepuUTh KOPPEKTHOCTh KOJA.
2 HEKOPPEKTHBIE 3HAYEHHUS apT'YMEHTOB

2.6.uspars param set (): pegakTupoBaHue oaen tt

Cunrakcuc
int uspars param set (void **tt, wusp param data id, void *a)
Include

uspars.h

Onucanue

OyHKIMS CIYXHT JUIS PENaKTUPOBAaHUs HMH(GOPMAIIMY, XpaHsIIEHCS B TMONSX CTPYKTYPHOU
TIepEeMEHHOMN, YKa3bIBaeMou ykazaTteneM *tt . Tum uadopmarum onpeaensercs 3HaYCHHEM BXOIHOTO
mapamerpa id (cm Tabmmy 2.6.2

Tabnuna 2.6.1: Aprymentsl QyHKIMKM uspars param set ()

THII ums uMs

input tt VYkazatenb-Ha-yka3atenb Ha USP-cTpykrypy

input id YT0 pemaKTUpOBaTh

output a ‘YkazaTesb Ha MacCHB C JAHHBIMH, KOTOPBIE JOJKHBI 3aMEHUTh HMEIOILUECS

Tabunuia 2.6.2: BosmokHble 3HaueHus aprymenTa id dyakimam uspars _param set()

3uavenue id Cnenuduxanus JaHHbIX Tun[pasmep]
MaccHuBa a
YHCJIO C JBOMHOM TOYHOCTBIO — YPOBEHb double[1]
USP_BOOSTING VALUE Jorycka uist “nomiepskku” (cm pasmaern C.3.1)
YHCIIO C JBOMHON TOYHOCTBIO — KPHTEPHi double[1]
OCTAQHOBKHM HTEPALOHHOIO YTOYHEHHS (CM
USP _ITER STOP CRIT pazmen C.2)
YHUCIIO C IBOWHOW TOYHOCTHIO — Tapamerp double[1]
MaloCTH, WCIONB3yeMBIii B  aIrOpHTME
IO0ANBHBIX — TEPEeCTaHOBOK (CM  pasfen
USP_GP_EPS C.3.2)
BEKTOpP TIEPECTAHOBOK, MCITONB30BAHHBIHN ISt int[n] (long[n])
[ePEYIOPSAOINBAHMS DIIEMEHTOB HCXOIHOM
USP_PERM VECTOR MaTpHIBI Tiepen pakTopu3armen
MAcCUB 3HAYCHHI MAaTpuibl A, 33JIaHHOU B utype[nnz]
USP A CSR CSR dopmarte (cMm pazmen 2.3.1)
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Koawb! Bo3BpaTa

Kon Yto o3HauaeT

0 YcnemHoe 3aBepiieHue

1 *t£t==NULL. IIpoBepUTh KOPPEKTHOCTh KOJA.
2 HEKOPPEKTHBIE 3HAYEHUs] apT'yMEHTOB

2.7.uspars_destroy (): paspyurenue USP-cTrpykTypsl

Cunrakcuc

int uspars destroy(void **tt)
Include

uspars.h

Onucanue

OYHKITUS CIYXKHUT JUTSI OCBOOOXKIECHUS TTaMSITH, 3aXBaU€HHOW Ha Iare nHANuanu3anuu. Ha Berxome us
ATOM (YHKITMH 3HAUCHHE yKa3aTens * tt paBHO NULL.

Koabl Bo3BpaTa

Kon Yro 03HaYAET
0 YcneuHoe 3aBepiieHue
1 *tt==NULL. [IpoBepuTh KOPPEKTHOCTb KOJA.

3. Koabpl ommoOKkmn

3.1. PopmupoBaHe OIIMOOK

Oyukiuu USPARS Bo3BpalaroT 1Lieiaoe, KOTOPOE TPAKTyeTCsl Kak KoI Bo3BpaTa. Bo3MoxkHbIe
3HAa4YEeHUS] KOIOB BO3BpaTa C COOTBETCTBYIOLIMMHU HHTEPIPETALUSMHU TNPHUBEACHbI B OMNHUCAHMIX

(byHKIHIA.

Konpr Bo3BpaTa opMupyroTcsi o 3HaYEHUSIM KOJOB OIIMOOK, KOTOPbIE MOT'YT BO3HUKATh B IIpoLiecce
BBIYHCIICHUH M KOTOpBIE cojiepxaT Oonee MeTanbHyr0 MH(OOPMAIUIO O CIYYHBIIEHCS OmMUOKe. JTa
Oonee neranbHas MH(GOpMALMS MOXKET OBITH MOJIE3HOW IPU MCCIIEIOBAHUU NMPOOJIEMbl, BOSHUKILIECH B
nponecce wucnonb3oBaHus ¢yHkumidi USPARS. [Ins wu3BnedeHuss Takod HH(pOpMALMU CIIy>KUT
¢dbynakus uspars param_get() (cm pasmen 2.5). B 3Tom pasmene Mbl MPUBOAMM TaOJMIBI KOAOB
OLINOOK.

3.2. OmunbKM BXOAHBIX AaHHBIX (KO BO3BpaTa 2)

Yucnosoe
3HAYEHUE HMurepnperanus
201 [TapameTp N He MOTOKUTENEH
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202 Vxkasarenp ia CSR-matpuibt paBeH NULL

203 VYxazatens ja CSR-matpuiis! paBer NULL

204 Vkasarens a CSR-matpunsl paBeH NULL

205 HeBemecTBeHHast AuaroHab MaTpHIbl, 00bSIBICHHON )PMUTOBOM

206 HecoBnagenue THIIOB 371EMEHTOB MaTpPUIIbI KO3()(OUIIMEHTOB U BEKTOPA MPaBOM YacTH
207 [TapameTrp NRHS He MOJIOKUTENIEH

208 YkazaTenb Ha MaccHB ¢ 37eMeHTamu npaBoii yactu CJIAY paBeH NULL

210 Heymopsimouennsie 35eMeHTH B MaccuBe ja CSR-matpuirsr

211 CrpyKTypa BXOAHON MaTpHIIbl HE TI03BOJISIET KOPPEKTHO 3aBepUINTh paboty matching
212 HekoppekTHoe 3HaueHHe apameTpa id B QyHKIHM uspars param set ()

213 HekoppekTHoe 3HaueHHne napamerpa id B QyHKIMH uspars_param get ()

214 Hekoppexrhbiii peopaepusr st OOC. Ucnonbsyiite Atlant

3.3. Omnbku BoigeaeHusI TaMsITi (Ko4 Bo3Bpata 3)

YncaoBoe 3HAYCHHE NuTepuperamnus
301 OwKOKY BBIIEIICHUSA TAMATU

HexBatka mamsata mis OOC 3agaHHOM TOCPEACTBOM TIONB30BATENBCKOM
302 (byHKIMOHANBHOCTH options [USP OOC MEM]

He cymectByeT  AMpEKTOpPWH,  3aJaHHOW  NEPEMEHHOH  OKPYXKCHHS
303 USP OOC PATH

HeB0o3MOXHO HCIOIB30BaTh (aill ¢ JaHHBIMH, CO3JAHHBIN B MpoIecce paGoThI
304 OOC, BO3MOXKHO OH TOBPEX/ICH.
305 He xBaraer Mecra Ha JUCKE.

3.4. Omunobxu gaxropusanum (Koa Bo3sparta 4)

Yuciiooe
3HAYeHHe HuTepnperanus
He nonoxutensHo-ompesieneHHas BXOAHAs MAaTpULA IPH HCIOIB30BAHUHM PA3JIOKECHHS
401 Xomenkoro
402 HyreBoit Bemymuii 37IeMEHT TIPH BHITIOMHEHUHN (pakTopu3aimu (Zero pivot)
403 Yucio rinobatbHbIX IEPeCTaHOBOK IPEBBICHIIO YCTAHOBJICHHBIH JTUMHT

3.5.0mmbkn  npm  obOpamjeHnn  PpakTopoB (ko4 ~ Bo3BpaTa 5,
3ape3epBUPOBAHO 445 A4aAbHENIIIEeTO MCIIOAb30BAHIA)
3.6. HexoppeKTHbIIT OPAOK BbI30Ba (PYHKIINI (KO4 BO3BpaTa 6)
Yuciiosoe
3HAYEHUE HMurepnperanus
HexoppekTHBIii TOpSAOK BBI30Ba  (DYHKIIMIA: uspars_fact () BbI3BaHa JO
601 uspars_init? ()
HexoppekTHbIii MOPAJOK BBI30Ba  (DYHKIHMIL: uspars_solve () BbI3BaHa JIO
602 uspars_init? ()
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HekoppekTHBIIf MOPAIOK BbI30Ba  (DYHKIIHIA: uspars_solve ()
603 uspars fact ()

BbI3BaHa [0

3.7. Omunobxu ¢assl perteHns (K04 Bo3BparTa 7)

Yucnaosoe
3HAYECHHUE HNnaTepnperanus
701 WrepaiyioHHOE YTOYHEHUE HE CONIIOCH 3a 3aJJaHHOE YHCIIO IIaroB

3.8. Omnbku ncroans3osanus Metis (kog Bo3spata 8)

Yucnaosoe

3HaYeHHe Hutepuperanus

801 Junamuueckast Oubnuoreka Metis He HaleHa

802 HeBo3MOKHO BbI3BaTh Metis B IPOIIECCE BHIMOIHEHHUS IPOIPAMMBI

3.9. Omnobxu ncroarsyemon sepcun USPARS (kog Bosspara 9)

Yucaosoe
SHAYCHUEC I/IHTepﬂpeTaHHfl
[NonbiTka uCHONB30BaTh (YHKIMOHAT, KOTOPBI HE BXOOUT B CBOOOJHO
901 pacnpoctpansiemyto Bepcuto USPARS
3.10.  Hexkaaccuduuupyemsle ommOKu (Kog Bo3sparta 999)

Oty ommbku umMerotT Homepa! ot 99900 20 99913.

191! HOMEpa HNYEro He roBOPJIT IT0Ab30BaTeASIM, HO Ba>KHbI paspa60TqMKaM

26



A. ITpumepnr

B mupexTopun examples pacrosnaraercss UCXOAHbIE KOJbl Ha si3plke C MPUMEpPOB HCIOIb30BaHUS
¢ynkuuit makera USPARS st perienus cucteM NHHEHHBIX ypaBHEHHUH € pa3peKeHHBIMU MaTpULIAMH
ko3 punmentos. CrieHapuu MPUMEPOB OHOTUITHBIL:

o  Huurmmanusuposath Matpuily B CSR dopmare.
e Hunuanu3upoBaTh BEKTOP NIPABOM YACTH, COOTBETCTBYIOIIMM TOYHOMY PELIEHUIO Xy ¢
e B COOTBETCTBHUH C aJITOPUTMOM PELICHUS MOCTIEIOBATEILHO BHI3BIBATH (DYHKIIUH
o uspars_init?(),
o uspars_fact(),
o uspars_solve().
Kaxpass mocnenyromast (yHKOMS BBI3BIBACTCS NpPU YCIOBHUHM YCIEIIHOTO 3aBEPIICHHS
NpenbIAYLIEN, 11 IPOBEPKU aHAJIU3UPYETCS KOJ BO3BpaTa.
e PacnedaraTb BEKTOPBI TOUHOTO ¥ YHCJIEHHOI'O PELIEHHUS 11l CPDABHEHMSL.

Pa3HI/IIIa MCXKIAY TOYHBIM W YHCJICHHBIM PCIICHUAMU 06ycn0BneHa BIIMSIHUEM HOFpeHIHOCTeI\/'I
OoKkpyrieHus. Ha BenmuuyuHYy 95TOH pa3HMIBI BIHUSAIOT KaK YHCIO0 OOYCIOBJICHHOCTH MAaTPHIIbI
KO3((HUIIMEHTOB, TaK W MCIIOJb3yeMast padodas TOYHOCTh. [Ijis ynoOCTBa Mbl MPUBOIUM BEIHYHHBI
OTHOCHUTECIBHBIX HOI'peHIHOCTefI BBIYUMCJIICHHBIX peIlIeHI/Iﬁ BMECTEC CcO 3HA4YCHUSIMU qucein
00YCITOBIIEHHOCTH MaTpHIIbI KO3(DHHUITHEHTOB.

A.l. HepeCTaHOBKI/I " 4911CA0 HEHYAEBbIX 5/4€MEHTOB B TPEeYyrOAbHBIX

¢axTopax

Ilpumep JnaeT cpaBHUTENBHBIM pe3yJbTaT YKCIa HEHYJEBBIX BJEMEHTOB B Marpuinax Lu UB
pesynpTaTe (pakTOpHM3alMM TPU HCIONB30BAHWU pA3NUYHBIX TepeynopsaodnBaHuil. Bemnmumna
nnz (A) B BBIBOJE MpPENCTaBIseT COOOW YHCIO HEHYJIEBBIX 3JEMEHTOB B HCXOIHOM Matpwuile, a
nnz (L+U) cymmapHoe B L u U.

Cucrema ypaBHeHHI 0oOpa3oBana Ha Matpuiie https://sparse.tamu.edu/Mathworks/Sieber ¢ 4uciom
obycnosneHHoctr 4.613510e+08. BekTop TOYHOr0 PEeNICHUs] COCTOUT U3 SIHHUII

xl 1
x=| "2 =1
X2290 1

CootBercTBYIOIIAas €My IpaBasl 4acTh CHCTEMbl JIMHEHHBIX ypaBHEHHUIl IOIy4YeHa YMHO)XEHHEM
MAaTpHILIbI
Ha BEKTOP TOYHOT'O PEIICHHS.

Hmwke mnpuBemeHa Ttabmuma pe3ynpTaToB ISl  Cioydas pewieHuss 0e3  IpeaBapUTENbHOTO
nepeynopsiiounBanus, ¢ ucrnonszopanneM METIS u Atlant:

w/o reorder results:
name | n |nnz (A) | nnz (L+U) | error C | error L2 |
./mtx/Sieber.mtx | 2290 | 14873 | 3125286 | 7.622005e-09 | 1.748052e-10]

METIS results:
name | n |nnz (A) | nnz (L+U) | error C | error L2 |
./mtx/Sieber.mtx | 2290 | 14873 | 41194 | 2.409236e-09 | 1.068810e-10|

Atlant reorder results:

name | n |nnz (A) | nnz (L+U) | error C | error L2 |
./mtx/Sieber.mtx | 2290 | 14873 | 41174 | 1.782625e-09 | 2.290986e-10]
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3nech nnz (A) 0003HAYAET YHCIIO HEHYJIEBBIX AJIEMEHTOB B MaTpule A, a nnz (L+U) — obuiee uucio
HEHYJEBBIX 2JIEMEHTOB B MaTpuliax L u U, error Cu error L2 — OTHOCUTENbHBIE OTPEUTHOCTH
perieHus
||X — XBby ”
Il
B HOpMax 'MaKCHMYM MOAYJISI® ¥ €BKIHIO0BOH, COOTBETCTBEHHO. VIcXOMHBIN Ko MpuMepa cM B (aiiie
example compare reorder.c.

A2 3amMep BpeMeHI paOoOTEI a3

B »TOM mpuMepe HILTIOCTPUPYIOTCSL CIIOCOOBI MONy4YeHHs HH(POpMAIIMKA O BPEMEHHU BBIMOTHEHUS (a3
nakera USPARS. B kauectBe wMmarpumbl Ko3(GQOHUIHMEHTOB B3ATAa HECUMMETPUYHAs MaTpHUIla
https://sparse.tamu.edu/Mathworks/Sieber ¢ umciom ob0ycnoBieHHoctd 4.613510e+08. Bektop

TOYHOIO PEIIEHHS] COCTOUT M3 CIUHUIL
X1 1
X2290 1

CooTBeTcTByIOImas €My TIpaBasi 4acTh CHCTEMBl JIMHEHHBIX ypaBHEHHH ITOMydyeHa YMHOXEHHEM
MaTpULbI
Ha BEKTOP TOYHOI'O pelIeHUs. Britaua umeer cnenyomuii BUT

USPARS Init time: 0.028851 seconds.
USPARS Fact time: 0.035071 seconds.
USPARS Solve time: 0.001889 seconds.

Results:
name | n | nnz (A) | error C | error L2 |
./mtx/Sieber.mtx | 2290 | 14873 | 1.782625e-09 | 2.290986e-10 |

B 3aBucuMOCTH OT HWCHONB3YEMOTO KOMITBIOTEPA pE3yNbTaThl 3aMepa BPEMEHH MOTYT CHIBHO
BapbUPOBaTh. VICXOMHBIN KO IMpUMeEpa cM B dailie example timer.c.

A.3. BeH_IeCTBeHHa}I CUMMETpPpI4YHas1 IIO0AOKUTEAbHO-OIIpedeAeHHasl

MaTpuiia KOspPUIIMEHTOB ¢ OAMHAPHON TOYHOCTBIO

Cucrema ypaBHeHUI

4 0 -2 0 0 2\ 4
/0 5 0 -3 -2 0 \|[xz]| |[ 0 ]|
-2 0 4 0 0 3 1|x3| | 5 |
lo =3 0 5 0o 2 lxlT] 2 |
\0 2 0 0 396 -2 /llstl |l—0.04J|
2 0 3 2 -2 816/ lxl l1316

Hcxonnelii xox mpumepa cM B (Qaiine example LLH s.c. Huke npuBeneHa Bblgada 3TOrO
npumMepa:

The system was successfully solved.

Exact solution Numerical solution
1.0000000e+00 9.9545372e-01
1.0000000e+00 9.9966192e-01
1.0000000e+00 9.9480432e-01
1.0000000e+00 9.9823838e-01
1.0000000e+00 1.0017973e+00
1.0000000e+00 1.0038968e+00
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Uucno o0O0yCIIOBIEHHOCTH MaTpuibl kKodddummentoB pasHo 5.0787e+05,
otHocutenbHOe ykinoHeHue 0.0034 mpuOIMKeHHOTo pelieHus: OT TOYHOTO.

4YTO OIpaBAbBIBACT

AA4.

MaTpuia Ko9pQPUINEHTOB C 4ABOTHOI TOYHOCTBHIO

BeH_[eCTBeHHa}I CUMMETpPIYHasA II0AOXUTEABHO-OIIpeAeA€HHAs

Cucrema ypaBHeHUI

4 0 -2 0 0 2\ 4
/ 0 5 0 -3 -2 0 \|[x21| |[ 0 ]|
-2 0 4 0 0 3 1|x3|_| 5 |
lo =3 0 5 0 2 x| T] 4 |
\0 2 0 0 396 -2 /'leJ ll_0'04J|
2 0 3 2 -2 816/ lxed L1316

Hcxonublii xon mpumepa cM B ¢aiine example LLH d.c. Hwke npuBeleHa Bblgauya 3TOr0O
puMepa:

The system was successfully solved.
Exact solution Numerical solution

1.0000000000000000e+00 1.0000000000038496e+00
1.0000000000000000e+00 1.0000000000002858e+00
1.0000000000000000e+00 1.0000000000043996e+00
1.0000000000000000e+00 1.0000000000014913e+00
1.0000000000000000e+00 9.9999999999847777e-01
1.0000000000000000e+00 9.9999999999670042e-01

Yuco 00yclIoBIeHHOCTH MaTpHIibl KoddhduimeHToB paBHo 5.0787¢+05, OTHOCHTEIBLHOE YKIOHECHHUE
2.88e-12 npubamKkeHHOro PelieHHs OT TOYHOT'O BIIOJHE OMPaBIaHOo.

A5.

MaTpuia Koo(pPUIINeHTOB C OAMHAPHON TOYHOCTHIO

Cucrema ypaBHEHHI

KomniaekcHas SPpMUTOBA IIOA0XKNUTEABHO-OIIpede1eHHasl

5.01

0 240 0 0 2.09\ [¥1] [ 2.1+1255(

0 4.99 0 —298 —2+42 0 \|xz| | —9.99 —9.94i |

| —2—i 0 4 0 0 3.19 t|x3| | 6.19 + 28.14i |
| o ~2.98 0 5.03 0 0 xl™1 2.05 + 14.16i |
\ 0 —2-2i 0 0 399 -2 /llstl |[—6.01 + 15.95iJ|
2.09 0 3.19 0 —2 898/ lxgl 12426+ 63.54i

Hcxonuelii kox mpuMepa cM B (Qaiine example LLH c.c. Huke npuBeneHa Bblgada 3TOrO
nmpuMepa:

The system was successfully solved.

Exact solution Numerical solution

1.0000000e+00 + 1.0000000e+00*1 1.0010201e+00 + 9.9902976e-01*1i
1.0000000e+00 + 2.0000000e+00*1 1.0015880e+00 + 2.0003891e+00*1
1.0000000e+00 + 3.0000000e+00*1 1.0017089%e+00 + 2.9991865e+00*1
1.0000000e+00 + 4.0000000e+00*1 1.0009408e+00 + 4.0002303e+00*1
1.0000000e+00 + 5.0000000e+00*1 1.0009670e+00 + 5.0015926e+00*1
1.0000000e+00 + 6.0000000e+00*1 9.9880081e-01 + 6.0007300e+00*1

UYucno o0ycnoBiIeHHOCTH Matpuubl KoddduuuentoB paBHO 88.23. OTHOCHTENbHAS MOIPEIIHOCTD

noiydeHHoro pemieHus 4.58e-04 ¢ moMombI0 0JHOI UTEpallui YTOUHEHHS MOXKET ObITh YJIydIlIeHa /0
1.85e-06.
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A.6. KomrizaekcHas 5pM

TOBa

IIOAOXKNUTEAbHO-OIIpeAe1€eHHas

MaTpuiia Ko9(pPUINEHTOB C 4ABOTHOI TOYHOCTBHIO

Cucrema ypaBHEHUI

2 0 051 O 0

0 1 0 0 08

| —=0.51i O 1 0 0
0 0 0 2 0

l 0 0.8 0 0 1
\ 0 0 0 0 06
0.74 0 0 03i O

Hcxonuplii kon mpumepa cM B ¢aiine example LLH z.c. Hwke npuBeleHa Bblgauya 3TOr0O

npumepa:

The system was successfully solved.
Exact solution
1.0000000000000000e+00

[ 5.65 + 8.71i 7
6+ 20
3.51 + 2.49i
10.1 —10.1¢
10.2 -0.2i
16.4 + 3.61

0 0.74 \ X1
0 0 \ X2
0 0 |3
0 —0.3i ||xa
0.6 0o |lxs
2 1+ 0.8i / Xe
1—0.8i 2 [ ]

Numerical solution

+ 1.0000000000000000e+00*1 9.9999999999754519e-01
2.0000000000000000e+00 + -2.0000000000000000e+00*1 1.9999999999896669e+00
3.0000000000000000e+00 + 3.0000000000000000e+00*1 2.9999999999994627e+00
4.0000000000000000e+00 + -4.0000000000000000e+00*1 4.0000000000003704e+00
5.0000000000000000e+00 + 5.0000000000000000e+00*1 5.0000000000129159e+00
6.0000000000000000e+00 + -6.0000000000000000e+00*1i 5.9999999999922489e+00
7.0000000000000000e+00 + 7.0000000000000000e+00*1 7.0000000000057723e+00

OtHOoCcUTENnbHAS TOTpPEeHIHOCTh pemeHuil 1.21e-12 BHomHE corjacyercss cO 3HA4YeHHEM 4YHCIiia

obycnosneHHoctd 1.38e+05 MaTpuibl KO3QPUITHEHTOB.

Al7.

OAVIHAPHOV TOYHOCTBIO

Cucrema ypaBHEHHI

4 0 -2
/0 3.26 0
-2 0 1.001
| 0 -3 0
\ 0 -2 0

2 0 1

0 0 2 X1

-3 =2 0\|[xz]| |[—
0 0 1 ilxs]_ |1
4 0 2 ||x4|_|
0 4 —2/|x5| |
2 -2 g/l |

117.14 + 5.14:

1.0000000000010525e+00*1
.0000000000028564e+00*1
2.9999999999987477e+00*1
.9999999999991331e+00*1
5.0000000000035705e+00*1
.0000000000021423e+00*1
6.9999999999975264e+00*1

+ 4+ o+ o+ +

BemiectseHHass cuMMeTpuyHas MaTpuna Koo(p@PUIIMEHTOB ¢

Hcxomnelii kon mpumepa cM B daiine example LDLH s.c.Hmwke mpuBeneHa Bblgada 3TOrO

npumMepa:

OTHocuTenpHasg NOrpPEelIHOCTh pemeHuil 5.63e-05 BmosHE corjiacyercss €O 3HAYCHHEM 4Yucia
obycioeneHHocTH 1.88e+03 marpuis! k03 PunreHTos.

A.S.

C

ABOVIHOM TOYHOCTBIO

Cucrema ypaBHEHUI

-2 0 2 [Xq

/ 326 0 -3 - 0\|xz|
| —2 1.00001 0 0 1 {|xs]
| o —3 0 4 o 2 ||x|™
\0 0 0 zAst
2 1 2 -2 8/lxs

|

—2.26
—1.99999

Bemlectsennass cuMMeTpuyHas MaTpuiia Ko®(pPUIIMEeHTOB

0

-3

R —



Hcxonuplii kon mpumepa cM B (aiine example LDLH d.c. Hwuxke mpuBeneHa BblJaya 3TOroO
npumMepa:

The system was successfully solved.
Exact solution Numerical solution
1.0000000000000000e+00 1.0000000000291038e+00
-1.0000000000000000e+00 -9.9999999999998579%9e-01
1.0000000000000000e+00 1.0000000000582077e+00
-1.0000000000000000e+00 -9.9999999999998923e-01
1.0000000000000000e+00 1.0000000000000071e+00
-1.0000000000000000e+00 -1.0000000000000002e+00

Yucno 00yciaoBIEHHOCTH MaTpHilbl koddduimentoB paBHo 1.90e+03. OTHOCHUTENIBHOE YKIOHCHHE
2.66e-11 npuOIMKEHHOTO PENICHUS C TIOMOIIBIO OJJTHON UTEPAIlUN YTOUHEHHS MOXET OBITh YIyYIIEHO
10 3.39e-15.

A.9. IlombITKa 1MCHOAB30BaTh padAoXeHUe XOAeIKOTO AAsl  He

HOAO)KI/ITeAI)HO-OHpe,ZI,eAeHHOﬂ MaTpuIibl

B osrtom mpumepe KOIPPHUIMEHTHI CHUCTEMbl ypaBHEHHWil cocTaBisitor Matpuiy bfwb62, Bce
KOMIIOHEHTBI BEKTOpa TOYHOT'O PEIICHUs] PaBHBI SAUHUIIE:

X1 1
X2 _ 1
X62 1

Bekrop mpaBoii uWacTM TONy4eH YMHOXXEHHEM MaTpHUIbl KOI((GUIIMEHTOB Ha TOYHOE peEIICHHE.
[TombITKa PENINTE 3Ty CUCTEMY ypaBHEHUH, UCHIONB3ys pas3ioxeHue Xomenkoro (USP fact=LLH),
BBI3bIBAaET cooOmeHne o0 ommbOke 4 Ha craauu  (dakropuzanuu. Hamporus, 3HauYeHHE
USP fact=LDLH NpuBOJUT K yCIIEXY.

---- Trying to solve system with LLH
USPARS factorization failed.
Nonzero return code ier=4 was obtained from uspars_ fact ()
---- Solving system with LDLH
Results:
name | n | nnz (A) | error C | error L2 |
./mtx/bfwb62.mtx | 62 | 202] 6.770540e-16 | 3.614540e-16 |

HcxonHblii Kox IpuMepa cM B daiine example pos def.c

A.10. KoMmnzexkcHass cuMmeTpuuHasi MaTpuila Kod(PQPULMEHTOB C

O\ZI,I/IHapHOIZ TOYHOCTDIO

CucreMa ypaBHEHUI

1 05 0 0 0 0 \[*11 [ 1+15i 7
/0 2 0 0 8 0 0 \ X5 44
560 3 0 0 0 0 ||*s 9 + 5i
lo o o 0001 0o o =3 |lx]=]0.004-21i

080 0 2 01 0 |lxs 26.6

000 0 01 1 1+4if|x 135+ 7i

0 00 -3 0 1+i -1/lxl L —1-6 |

Hcxomnelii kox mpuMepa cM B (Qaiine example LDLT c.c. Jng mydmed TodHOCTH
JONOJHUTENBFHO UCIIOIb3yeTCs O/lHA UTepalusl yrouHeHus. Huke npuBeaeHa BblAaya 3TOro npuMepa:

The system was successfully solved.

Exact solution Numerical solution
1.0000000e+00 + 0.0000000e+00*i 1.0000000e+00 + 1.7029897e-07*1
2.0000000e+00 + 0.0000000e+00*1i 2.0000002e+00 + 7.6784645e-10*1
3.0000000e+00 + 0.0000000e+00*1 3.0000000e+00 + -1.7029897e-08*1
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~ o U1 >

.0000000e+00
.0000000e+00
.0000000e+00
.0000000e+00

+ + + +

0.
0.
0.
0.

0000000e+00*1
0000000e+00*1
0000000e+00*1
0000000e+00*1

~ o U

.0000005e+00 + -2.1909364e-07*1
.0000000e+00 + -1.9196161le-10*1
.0000005e+00 + -5.7588494e-08*1
.0000000e+00 + 1.5073585e-11*1

Yucno o0ycrnoBieHHOCTH MaTpulbl koddduuentoB pasHo 12.58. OTHOCHTENBHOE yKIOHEHHE 6.65€-
8 maxxe MpeBOCXOAUT OXKHIAHHUSL.

A.11.

KomMmrizekcHasa

ABOMHOU TOYHOCTBIO

Cucrema ypaBHEHUI

\o
0 0 O

Hcxonubiit kon mpumepa

npuMepa:

S WO o NO

=3

The system was successfully solved.

Exact solution

1.0000000000000000e+00
.0000000000000000e+00
.0000000000000000e+00
.0000000000000000e+00
.0000000000000000e+00
.0000000000000000e+00
.0000000000000000e+00

~J oUW N

Yuciio 00yCIIOBICHHOCTH MAaTPHIlbl KO3 GHUITUCHTOB

T

SO O O Wwo
o
(e}

o o S o O O
—_

0 0 0 \[*171 [ 1+15i 1
8 0 0 \ X, 44

0 0 0 ||xs 9 +5i

0 0 =3i ||x]=10.004-21i
2 01 0 |lxs 26.6

0.1 1 1+1/ Xe 13.5+7i
0 1+ e, L -1 60

CIMMeETPIYIHAasI

MaTpuiia Kod(pPUINEeHTOB

0
0
0
0.
0
0
0

.0000000000000000e+00*1
.0000000000000000e+00*1
.0000000000000000e+00*1
0000000000000000e+00*1
.0000000000000000e+00*1
.0000000000000000e+00*1
.0000000000000000e+00*1

Numerical solution

o) U W N

.0000000000000000e+00
.0000000000000000e+00
.0000000000000004e+00
.0000000000000000e+00
.0000000000000000e+00
.0000000000000000e+00
.0000000000000000e+00

+ 4+ + o+

oN J o NN

.9032394707859828e-16*1
.8931319859074138e-18*1
.2204460492503131e-16*1
.0000000000000000e+00*1
.2328299647685346e-19*1
.1698489894305601e-16*1
.0000000000000000e+00*1

17 mpuOIHKEHHOTO PEIICHHSI OT TOYHOI'0 IPEBOCXOAUT OXKHJIAHHS.

A2

O\ZI,I/IHapHOIZ TOYHOCTDBIO

Cucrema ypaBHEHUI

Ucxonubiii kox mpumepa

g

1
0
5
[ o
| o
\0
0

KomMmmizekcHas

cM B (paiine

example LDLH c.c.

YPpMUTOBA MaTpuIia
0 5i 0 0 0 0 (X171 1 1+ 150 7
2 0 0 8 0 0 \ X2 44
0 3 0 0 0 0 []|*s3 9+ 5i
0 0 0.001 O 0 —3i lxa|=10.004 — 21i
8 0 0 2 0.1 0 | Xs 26.6
0 0 0 0.1 1 1+i/ X6 13.5+7i
0 0 3i 0 1-i —-1/7btxd L —1-6i-

K0P PULIEHTOB

C

cM B (aiine example LDLT z.c. Hwke npuseneHa Bblgada 3TOrO

paBHO 12.58. OTHOCHTENBEHOE YKIOHEHHE 4.85¢-

C

dns  nydmed TO4YHOCTH

AOMOJHUTCIBHO UCIOJIB3YCTCA OAHA UTEPpALlUsd YTOYHCHUS. Hxe MIPUBEJICHA BblJa4ya 3TOTr0 IpruMepa.

The system was successfully solved.
Exact solution

~ o U WwWN

.0000000e+00 +
.0000000e+00
.0000000e+00
.0000000e+00
.0000000e+00
.0000000e+00
.0000000e+00

+ 4+ 4+ o+

[oNoNoloNoNoNe)

.0000000e+00*1
.0000000e+00*1
.0000000e+00*1
.0000000e+00*1
.0000000e+00*1
.0000000e+00*1
.0000000e+00*1

Numerical solution

oo W N
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.0000000e+00 + -2.1674416e-07*1
.0000002e+00 + -2.3225937e-09*1
.0000000e+00 + 5.4186060e-09*1
.0000000e+00 + 1.7601997e-07*1
.0000000e+00 + 5.8064842e-10*1
.0000000e+00 + 1.7419441e-07*1
.0000000e+00 + -7.0595190e-13*1



UYucno o0ycrnoBieHHOCTH MaTpulbl KoddduuentoB pasuo 12.63. OTHOCHTENbHOE yKIOHEHUE 3.26¢-
08 mpuOMMKEHHOTO pelIeHNs] OT TOYHOT'O HaXOAUTCsl B 00OOCHOBaHHBIX Mpe/enax.

A.13.

TOYHOCTBIO

KommnaekcHas spMmurosa MaTpuiia Koo(pQPUIMEHTOB C ABOIHOI

Cucrema ypaBHEHUI

1 0 5 0 0 0 0 \[¥7 [ 1+15 7
/0 2 0 0 8 0 0 \xz 44
[-5i 0 3 0 0 0 0 |[|x3 9 +5i
[ o 0o o 0001 0o o —=3i |lx]=10.004-21i
l o 8 0 o 2 01 0 llxs 26.6
\0 00 0 01 1 1+i/ Xg 13.5 + 7i

0 0 0 3 0 1-i -1/l L —1-6i |

Hcxonuplii kox mpuMepa cM B Qaitne example LDLH z.c. Hwxke mpuBeneHa Bbaua 3TOrO
puMepa:

The system was successfully solved.

Exact solution Numerical solution

1.0000000000000000e+00+0.0000000000000000e+00*1 1.0000000000000000e+00 -2.4223047810003419%e-
16*1
2.0000000000000000e+00+0.0000000000000000e+00*i 2.0000000000000000e+00 +1.1835803775002936e-
17*1
3.0000000000000000e+00+0.0000000000000000e+00*i 3.0000000000000004e+00 -2.2204460492503131e-
16*1

4.0000000000000000e+00+0.0000000000000000e+00*1
+0.0000000000000000e+00*1

4.0000000000000000e+00

5.0000000000000000e+00+0.0000000000000000e+00*1 5.0000000000000000e+00 =-2.9589509437507341e-
18*1

6.0000000000000000e+00+0.0000000000000000e+00*1i 6.0000000000000000e+00 -8.876852831252201%e-
16*1

7.0000000000000000e+00+0.0000000000000000e+00*1 7.0000000000000000e+00 -1.0842021724855044e-
19*1

Yuciio 00yCIIOBICHHOCTH MAaTPHIlbl KO3 duiineHToB paBHo 12.63. OTHOCHTENBHOE YKIIOHEHHE 3.75¢-
17 mprONIMKEHHOTO PEIICHHS OT TOYHOT'0 HAXOJUTCS B 00OCHOBAHHBIX Mpe/enax.

A.14. Bemiectsennass Martpuia  KO9(pQPUIMEHTOB €  OAMHAPHOM
TOYHOCTBIO
Cucrema ypaBHEHUI
1 0 5 0 0 0 10\ [*171 71 86 1
/ 0 2 0 8 0 0 O \ X2 40
| 1 0 3 00 0 0 ||*s 10
lo 0o 0 1 0 0 =3!|xl=[-17]
| 0 1.01 0 0 2 1 O | X5 16
\0 0 0 01 0 1 X6 12
0 0 01 0 1 -1/ x4 L 3 4
Hcxonnslit ko npumepa cM B (aiine example LU s.c. Huke npueneHa Bbliaya 3TOro npuMepa:

The system was successfully solved.
Exact solution Numerical solution

1.0000000e+00 1.0000591e+00
0.0000000e+00 1.7764522e-05
3.0000000e+00 2.9999802e+00
4.0000000e+00 4.0000134e+00
5.0000000e+00 4.9999957e+00
6.0000000e+00 5.999990%e+00
7.0000000e+00 7.0000043e+00
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UYucno o0ycrnoBieHHOCTH MaTpulbl kKoddduimentos paBHo 73.89. OTHOCHTENBHOE yKIOHEHHE 5.75€-
06 mprONMKEHHOTO pelIeHHs OT TOYHOT'0 HAXOJUTCSl B 00OCHOBAHHBIX Mpe/enax.

A.15.  BemectBeHHas1 MaTpuila KO9(pPUINEHTOB C ABOMHOV TOUHOCTBIO

Cucrema ypaBHEHUI

0 0 105 0 0 0 107\ X171 [ 212"
/0 1 0 0 18 0 0 \xz 17
|1 0 1 0 111 0 0 || 113
lo 1 0 1 0o o0 -103!|lx]|=|-105]
loo o 0o 1 1 o llxs 0
\0 o 0o 0 1 1 1 /xa 1
00 0 1 0 1 -1/l L 31

Hcxonuslit Kozt mpumepa cM B daiine example LU d.c. Huke npuBesneHa BblJjadya 3TOro npumepa:

The system was successfully solved.

Exact solution Numerical solution
1.0000000000000000e+00 1.0000000000000637e+00
-1.0000000000000000e+00 -9.9999999999999045e-01
1.0000000000000000e+00 1.0000000000000000e+00
-1.0000000000000000e+00 -1.0000000000000004e+00
1.0000000000000000e+00 9.9999999999999944e-01
-1.0000000000000000e+00 -9.9999999999999956e-01

1.0000000000000000e+00 1.0000000000000000e+00

Yucno oOycioBieHHOCTH Matpuibl kodh¢uimentoB paBHo 3.06e+04. OtHocutenbHoe ykioHenue 2.44e-14
pHOIMKEHHOr0 PEIICHHST OT TOYHOTO HAXOMUTCSI B 0OOCHOBaHHBIX Mpe/enax.

A.l6. KomnaexkcHass  Marpuna  Koo(p@PuUIMEeHTOB ¢  OAMHApHOM

TOYHOCTBIO

Cucrema ypaBHEHHI

0 0 105 0 0 0 300 —4i\ [*17 [300+ 101
/0 14i 0 0 1+8 0 0 \ X, 7i
[1 o0 1 0 111-20i 0 0 [ |3 113 — 20i
lo 1 0 1 0 0 =103 ||x|=] =105
lo o 0 0 1 1 0 ||xs 0
\0 0 0 0 1 1 1 / X¢ 1

0 0 0 i 0 1 —1+10i/ bx;d L —2409; |

Hcxonnslit kox npuMepa cM B (aiine example LU c.c. Huxke npuBeneHa Bbliaya 3TOro npuMepa:

The system was successfully solved.

Exact solution Numerical solution

1.0000000e+00 + 0.0000000e+00*1 9.9996775e-01 + 5.3781223e-05*1
-1.0000000e+00 + 0.0000000e+00*1 -1.0000030e+00 + 7.5085632e-07*1
1.0000000e+00 + 0.0000000e+00*1 1.0000001e+00 + 0.0000000e+00*1
-1.0000000e+00 + 0.0000000e+00*1 -1.0000001e+00 + -4.4926441e-07*1
1.0000000e+00 + 0.0000000e+00*1 1.0000004e+00 + -4.1516284e-07*1
-1.0000000e+00 + 0.0000000e+00*1 -1.0000005e+00 + 4.1516284e-07*1
1.0000000e+00 + 0.0000000e+00*1 1.0000000e+00 + 0.0000000e+00*1

Yucio o0ycioBiIeHHOCTH Matpuibl kK03 uimeHToB paBHo 9.45¢+05. OtHocurensHoe ykinoHenue 2.37e-05
MIPUOIMKEHHOT O PELIEHHUs OT TOYHOT'O HAXOIUTCS B 000CHOBAHHBIX Tpe/erax.

A17. Kommnaekcnas maTpuiia Ko3$PUINEeHTOB ¢ ABOTHON TOYHOCTBIO

Cucrema ypaBHeHUI
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104 0 105i O 0 0 30 —4i\ [*¥17 [ 134+ 101i
/0 14i 0 0 1+8 0 0 \xz 2+ 7i
[ o 1 0 1 0 0 97 || 97 — 2i
[ o 0 0 o0 1 1 01 |lxl=| 11-i
| o 0 0 0 1 1 0 lxs 1—i
\ 1 0 096 0 111—20i O 0 / Xo| 1112 — 19.04i
0 0 0 i 0 1 =3 /bl L 14 |

Hcxonuslit Koz mpumepa cM B daiie example LU z.c. Huke npuBesneHa BblJjaya 3TOro npuMmepa:

The system was successfully solved.

Exact solution

N

umerical solution

1.0000000000000000e+00 + 0.0000000000000000e+00*1 9.9999999999737788e-01 + -1.3273233099706723e-12*1
-0.0000000000000000e+00 + -1.0000000000000000e+00*1 -7.2840132591628681e-16 + -1.0000000000000058e+00*1
1.0000000000000000e+00 + 0.0000000000000000e+00*1 1.0000000000013194e+00 + -2.6025693228422387e-12*%1
-0.0000000000000000e+00 + -1.0000000000000000e+00*1 7.2980095736518887e-16 + -1.0000000000000009e+00*1
1.0000000000000000e+00 + 0.0000000000000000e+00*1 1.0000000000000009e+00 + 7.2984424493577328e-16*1
-0.0000000000000000e+00 + -1.0000000000000000e+00*1 -8.8817841970012523e-16 + -1.0000000000000007e+00*1
1.0000000000000000e+00 + 0.0000000000000000e+00*1 1.0000000000000000e+00 + 1.8503717077085926e-17*1

Uucno 00ycnoBIeHHOCTH MaTpuilbl koddduiienToB paBHo 1.098¢+08. OtHocuTenbHOe ykioHeHue 1.57e-12
MIPHUOJIMKEHHOT'O PEIICHUST OT TOYHOI0 HAXOMUTCS B 00OCHOBAHHBIX TIPE/ICax.

A.18.

MaTpuia Koo(pPUIINeHTOB ¢ OAMHAPHON TOYHOCTBIO, ABe IIpaBble YacT

BeﬂleCTBeHHaSI CUMMETpIYHasA II0AOXUTEAbHO-OIIpeAea€HHasl

Cucrema ypaBHEHUI

4 0O -2 0 0 2 X11 x12] [ 4 0 ]
/0 5 0 -3 -2 [X21 X22| | O —4 |
I-2 0 4 0 0 ||x31 X320 _| 5 -1 |
lo -3 0 5 x| | 4 —4 |
\ 0o -2 0 0 3. 96 /lx51 xszjl |[—0.04 7.96 Jl

2 0 3 2 — 8.167 X61 Xe2 13.16 —7.16

Hcxonubiii kox nmpuMepa cM B ¢aiine exampleZ rhs LLH s.c. Hmke mpuBeneHa Bblada 3TOTO
npumMepa:

The system was successfully solved.
Exact solution Numerical solution

rhs 0:

1.0000000e+00 9.9828684e-01
1.0000000e+00 9.9987251e-01
1.0000000e+00 9.9804211e-01
1.0000000e+00 9.9933606e-01
1.0000000e+00 1.0006772e+00
1.0000000e+00 1.0014684e+00
rhs 1:

1.0000000e+00 1.0017132e+00
-1.0000000e+00 -9.9987239%e-01
1.0000000e+00 1.0019579%e+00
-1.0000000e+00 -9.9933606e-01
1.0000000e+00 9.9932289%9e-01
-1.0000000e+00 -1.0014684e+00

Yucno o0ycinoBieHHOCTH MaTpullbl ko3dduimentro pasHo 5.0787¢+05. OtHocutenbHOe yKioHeHHe 6.92¢-04

MIPUOIMKEHHOT 0 PELIEHHUs OT TOYHOTO BITOJIHE ONPABIAHO.
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A.19. Bemectsennass ~Matpuia  KOo9(pQPUIIMEHTOB ¢  OAMHAPHOM

TOYHOCTBIO, AB€ IIpaBble€ 4aCTU

Cucrema ypaBHEHUI

1 0 5 0 0 0 10\ *¥11 X121 7186 16 1
/O 2 0 8 0 0 0O \ X1 X232 40 10
| 1 0 30 0 0 0 [|[*1 X32 10 4
lo 0 0 1 0 0 -3llxa xl=|l-17 -2
| 0 101 0 0 2 1 O l X51 X552 16 4.01
\O 0 0 01 O 1/ X61 X2 12 2
0 0 0 1 0 1 —-1/1x;1 X724 L 3 1

Hcxonublii kox mpumepa cM B Qailne example2rhs LU s.c. Huke npuBeneHa Bblgada TOrO
puMepa:

The system was successfully solved.

Exact solution Numerical solution
rhs 0:

1.0000000e+00 1.0000591e+00
0.0000000e+00 1.7764522e-05
3.0000000e+00 2.9999802e+00
4.0000000e+00 4.0000134e+00
5.0000000e+00 4.9999957e+00
6.0000000e+00 5.9999909e+00
7.0000000e+00 7.0000043e+00
rhs 1:

1.0000000e+00 1.0000657e+00
1.0000000e+00 1.0000175e+00
1.0000000e+00 9.9997813e-01
1.0000000e+00 1.0000131e+00
1.0000000e+00 9.9999565e-01
1.0000000e+00 9.9999130e-01
1.0000000e+00 1.0000044e+00T

Uwrcno 00yclioBIeHHOCTH MaTpHIlbl KoddduirenToB paBao 73.89. OTHOCHTENbHOE yKIIOHEeHne 2.8 1e-
05 puOIMKEHHOTO PEMICHUS OT TOYHOT'O BIIOJTHE OITPaBIaHO.

A.20.  llcroap3oBaHMe WUTEPAIVIOHHOTO YTOYHEHUS AAsd  YAYYIIeHIS

TOYHOCTM

Cucrema ypaBHEeHUH oOpazoBaHa Ha MaTpuile 'W4A96 ¢ BEKTOPOM TOYHOTO PEIICHUS, COCTOSIIETO U3

e IUHHUI]
X1 1
x? _ 1
X496 1

W COOTBETICTBYIOIIEH eMy TpaBod 4dacTelo. McxomHelii kom mpuMmepa oM B (haiine
example iter ref.c Marpuna He odeHp xopomo obyciosiaeHa (cond(A)=1.99e+10), uyro
CKa3bIBaeTCAd Ha TOYHOCTH pEIleHHs. BKiIIOueHHE MTEpaliOHHOTO YTOYHEHHUS CIIOCOOHO YIYYIIHUThH
TOYHOCTb PE3yJIbTaTa, KaK MOKa3bIBalOT PE3yJIbTAThl PACUETOB B 3TOM IpUMEpE:

Results w/o iter ref:
name | n | nnz (A) | error C | error L2 |
./mtx/rwd96.mtx | 496 | 1859 | 6.065465e+02 | 3.089256e+01 |

Results with iter ref:
name | n | nnz (A) | error C | error L2 |
L/mtx/rwd96.mtx | 496 | 1859 | 6.858562e-07 | 3.441423e-08 |
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B »atux Ta6nnuax B KOJIOHKax error C W error L2 pacrojararoTca OTHOCHUTCIbHBIC

NMOrpeIHOCTU
I =2uuyllmax w, COOTBETCTBEHHO, B HOPMax
¢l max |ES 1P
x = max x|, lxll, =
lxlimax = max |l llxll,
A.21. AvaroHaabHas IoAAep>KKa 4ToObI ‘000t rnpodaemy Zero Pivot

[Mpumep nemoHcTpupyeT 3(QekT BKIOUYEHUS AuaroHanbHONH mnomaepxkku (cm  C.3.1) mpum
BO3HUKHOBEHHU Koja omnOku 4 Ha ctamuu (akropusanuu. CucreMa ypaBHEHUI oOpa3oBaHa (cM
taxoke A.22) Ha MaTpuie impcol_c* ¢ BEKTOPOM TOUHOTO pelIeH s, COCTOSMIETO U3 eHHHUI

X1 1
X2 _ 1
X137 1

W COOTBETCTBYIONIEH €My TIpaBOd dYacTpio. VICXomHBIH KOj TipuMepa cM B (aiiie
example boosting.c. Hmke npusenena Bpiaga 3TOro npumepa:

---- Trying to solve system with boosting turned off.

USPARS factorization failed.

Nonzero return code 4 was obtained from uspars_ fact()

---- Solving system with boosting turned on.

Results:
name | n | nnz (A) | error C | error L2 |
./mtx/impcol_c.mtx | 137 | 411 |  6.661338e-16 |  9.485275e-17 |
A.22. Ta00aabHble IlepecTaHOBKU 4YTOOBI ‘o0oiiTn’ mpodaeMy Zero
Pivot

[Ipumep meMOHCTpHpPYET UCHONB30BaHHE TIIOOATBHBIX mepecTaHoBOK (cM C.3.2) mns mpeosoneHws
BO3HHUKHOBCHHUSI OIMKOKKH 4 Ha cramuu (axkropusanuu. CucremMa ypaBHeHH# (cMm Takke A.21)
oOpa3oBaHa Ha MaTpuiie iMPCol_C ¢ BEKTOPOM TOYHOI'O PELICHMUS, COCTOSIIETO U3 SIMHHIL

X1 1
x.z _ 1
X137 1

U COOTBETCTBYIOILEH eMy NpaBoi 4acTblo. Mcxoqublil ko mpuMmepa cM B Qaiine example gp.c.
Hwxe npuBenena Beijaua 3T0Oro npumepa:

--—- Trying to solve system with global pivot turned off.
USPARS factorization failed.
Nonzero return code ier=4 was obtained from uspars fact ()

1 OrMeTnM, 4TO MaTpuiia impcol_c o0ycaoBaeHa coBceM Hel10x0. Ee uncay pOycaoBaeHHOCTH paBHO
1.77e+04
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---- Global pivot turned on.

Results:
name | n | nnz (A) | error C |  error L2 |
./mtx/impcol c.mtx | 137 | 411 | 4.440892e-16 | 7.705874e-17 |
AN238 Vcrmoap3oBaHme AVICKOBOV HaMTU IIPYU PELIeHUN CYCTEMBbI

[Mpumep nemonctpupyer ucnonp3zoBanue OOC (cm C.4) B nByX pexuMax. B mepBom ciyyae u3-3a
HEOOJBIIOTO0 pa3Mepa MAaTpPUIBl M BbIOOpAa COOTBETCTBYIOLIECIO 3HAYCHHUS Iapamerpa, cOpoca
MPOMEKYTOYHBIX 3HAUCHUI Ha ITUCK HE MPOMCXOIMT, U cucteMa peraercs B IC pexume. Bo Bropom
e TPOMEKYTOYHbIC 3HAUCHUS MPUHYIUTEIBHO COpAchIBAIOTCS HA ITUCK MPH (HaKTOpH3ALMH, U
CUMTHIBAIOTCS B AalbHEWIEM Ha cTaiauu pemeHus. Cucrema ypaBHeHH# (cM Takke A.21) oOpa3oBaHa
Ha MaTpuile Impcol_C ¢ BEKTOPOM TOYHOTO PELICHHSI, COCTOSIIETO U3 SIHMHMUI]

i

U COOTBETCTBYIOIIEH eMy MpaBoit yacThio. Mcxonublii ko mpumepa cM B ¢aiine example OOC.c.
Hwxe npusenena Beljaua 3T0ro npuMepa:

---- USP_0OC_MEM = 10000
Results w/o force 0OOC:

name | n | nnz (A) | error C | error L2 |
./mtx/impcol c.mtx | 137 | 411 | 4.440892e-16 | 6.773842e-17 |
--—- USP 0OC MEM = -10000
Results w force 0OO0C:
name | n | nnz (A) | error C | error L2 |
./mtx/impcol c.mtx | 137 | 411 | 4.440892e-16 | 6.773842e-17 |
A.24.  JlcnoansosaHne long long int nuTrepdericos

IMpumep nemoHcTpupyer ucmoib3oBanue long long int (cm 1.1.1, 2.2) wuntepdeiicoB. B Hem
MPENCTABIIECHbI TPU 3aITYCKAa:
e MaccuBbl 1a M ja HMEIOT THII int, BBI3BIBAETCA METON Uspars init32
e MaccuB 1ia mmeer tum int, mMaccmB ja — long long int, BbI3bIBaeTCaS (PyHKIHS
uspars init3264
e MaccuBel i1a ®W Jja HWMEOT THOD long long 1int,  BbBBBaercad (yHKIHS
uspars init64
Cucrema ypaBHEHUH BO BCEX CIIydasx PEIIAETCs CIEAyomas:

0 0 105 0 0 0 107\ (X171 [ 212"
/0 1 0 0 18 0 O \xz 17
[1 0 1 0 111 0 0 ||*s 113
lo 1 0o 1 0o o -103!llx|=]-105
lo o o 0o 1 1 o llxs 0
\0 o o 0 1 1 1 /xe 1

00 0 1 0 1 -1/l [_3]

Hcxonuplii xox mpumepa cM B (aiine example 3264.c. Hmwke npuseneHa Bbgada 3TOrO
puMepa:

The system was successfully solved.
Exact solution Numerical solution (32)
1.0000000000000000e+00 1.0000000000000637e+00
-1.0000000000000000e+00 -9.9999999999999045e-01
1.0000000000000000e+00 1.0000000000000000e+00
-1.0000000000000000e+00 -1.0000000000000004e+00
1.0000000000000000e+00 9.9999999999999944e-01
-1.0000000000000000e+00 =9.9999999999999956e-01
1.0000000000000000e+00 1.0000000000000000e+00
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The system was successfully solved.
Exact solution Numerical solution (3264)
1.0000000000000000e+00 1.0000000000000637e+00
-1.0000000000000000e+00 -9.9999999999999045e-01
1.0000000000000000e+00 1.0000000000000000e+00
-1.0000000000000000e+00 -1.0000000000000004e+00
1.0000000000000000e+00 9.9999999999999944e-01
-1.0000000000000000e+00 -9.9999999999999956e-01
1.0000000000000000e+00 1.0000000000000000e+00

The system was successfully solved.
Exact solution Numerical solution (64)
1.0000000000000000e+00 1.0000000000000637e+00
-1.0000000000000000e+00 -9.9999999999999045e-01
1.0000000000000000e+00 1.0000000000000000e+00
-1.0000000000000000e+00 -1.0000000000000004e+00
1.0000000000000000e+00 9.9999999999999944e-01
-1.0000000000000000e+00 -9.9999999999999956e-01
1.0000000000000000e+00 1.0000000000000000e+00
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B. /lunernno-aareOpanmdeckye 1 aarOpUTMMIeckyie OCHOBBI

B.1.Metoa nckarouenns I'aycca

Cucrema ypaBHEHUH 3aIIUCBIBAETCS B BU/JIE
Ax =f, (B.1)

TJie BEKTOpHI X U f uMmeroT o N KoMrnoHeHT, matpuiia A umeer pasmepbl N X N. C anropuTMu4ecKoi
TOYKH 3pEHUs Iefeco00pa3HO BBIAETUTH HECKOJIBKO KJIACCOB, K KOTOPBIM MOXKET IMpHHAJIEKATh
MaTtpuia K03} duireHTos.

B.1.1. BemecrseHHble cuUMMeTpUYHBIE MAM  KOMILAEKCHBIE  DPMUTOBBI

ITIOA0O>KUTEADBHO OIlpeaea€eHHble MaTpPUI bl
B BemecTBeHHOM CJIydae Kj1aCcC MaTpuIl BIACIACTCA YCIIOBUEM

A=AT >0, (B.2)
B KOMIIJICKCHOM yCHOBI/Ie BBITJIAOAWUT TAK:

A=A >0. (B.3)

—T
3nech AT 06o03Hauaer Tpancnonuposanue MaTpuisl A, A = A — spmuToBo conpsxenue. s Takoro
KJlacca MaTpHIl MOKHO HCIIONIB30BATh pasziodcerue Xoreykozo

4= {LLT BellleCTBEHHbIK CUMMETPHUYHBIN Cay4yai (B.4)
LIH KOMIJIEKCHBIM 3PMUTOB CJy4aii '
3amerum, uto 3meck L — wHwkHerpeyronbHas, a LT wu LF apromatmuecku momyuarorcs

BepXHeTpeyronbHeIME'. B cllydae paspeskeHHOH MaTpuilsl A HIDKHETPEyronbHas MaTpuia L Takxke
OKa3bIBACTCS] Pa3peKEHHONW, HO OOBIYHO CO 3HAYHUTEIHHO OONBIIMM YHCIIOM HEHYIIEBBIX AJIEMEHTOB
(sppexm zanonnenus).

Umncno HeHyNeBbIX 2JIEMEHTOB B L 4acTO 3HAUMTENBHO OOJIBIIE, YEM YMCIIO HEHYNEBBIX B MCXOJHOM
MaTpwuile. ITO YMCIIO 3aBUCUT OT MOPSIKAa CTPOK (M CTOJIOIOB), BEIOPAHHOTO LTSI 3AMTUCH MCXOTHON
MaTpuipbl. YTOOBI YMEHBLIMTD YMCIIO HEHYJEBBIX 3JIEMEHTOB B L, CHU3MB TEM CaMbIM Harpy3ky Ha
MaMATh W YMEHBIINB TPEOYIOMmeecs] YHCIO OINepalyii ¢ IJIaBaromiell TOYKOH, TNPHUMEHSIOT
CHeLHaJIbHbIC aJITOPUTMBI IEPECTAHOBKH, KOTOPbIE IPH CPABHUTEIBHO HEOOJIBIINX JONOJIHUTEIbHBIX
3aTpaTax IMO3BOIAIOT JOCTUTATh CYIIECTBEHHOW 3KOHOMHH. DTO O3HAYa€T, YTO BMECTO HCXOTHOU

MaTpuibl (haKTopu3aluK Toasepraercs npoussenenne PAPT, rne P — maTpuua mepecTaHoBKH (cM
1.4).

Takum 00pa3oM, airoOpuTM pelIeHUS CHUCTEMBI JIMHEHHBIX ypaBHeHudl (B.1) ¢ wMaTpumei
KO3 (UITUEHTOB, YAOBIETBOpsromIei ycinoBusMm (B.2) wum (B.3), cocTont n3 cnemyromuyx maros:

1. CummerpuyHas nepecTaHOBKa CTPOK M CTOJIOIIOB MAaTPULIBI

A, = PAPT (B.5)

1 CootBercrByromas ¢pyaknuoHansHocTs B makere LAPACK — momnporpamma ?POTRF, e cumBon ? o6o3Hagaer
onny u3 6yks {S, D, C, Z}, onpenensronux cooTBeTCTBYOMIMIA TUI nanusix (S = ‘single precision’, D="double
precision’, C="complex’, Z="double complex’)
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1 KOMIIOHCHT BCKTOpa npaBoﬁ qacTu

g = Pf; (B.6)
2. TpeyronbHas QakTOpH3aLXs MATPHLIBI
A = {LLT BellleCTBEHHbIA CUMMEeTPUYHBIN C/1ydan B.7
L KOMILJIEKCHBIA 3PMUTOB C/Iy4ai (B.7)
3. Pemenue cucrem ypaBHEHHH C TPEYrOJIbHBIMH MaTpUIaMH KO3 pHLIMEHTOB
Lv = g 'z=y BellleCTBEHHbIA CUMMETPUYHBIN C/ydan B.8
y=9 I1Hz = y KOMIIJIEKCHbBIN 3pMHUTOB CJy4ai (B-8)
4. TlepecTaHoBKa KOMIIOHEHT BEKTOpa HEU3BECTHBIX
x=PTz (B.9)

CuunTaercs, 4TO yCIOBHUs MOIOKUTEIbHON onpenenennoctu (B.2), (B.3) moctatoyHo st YMCICHHON
YCTOMYMBOCTH AJITOPUTMA.

B.1.2. CuMmMmeTpuyHble (BellleCTBeHHbIE MAM KOMILAeKCHBbIE) U KOMILAEKCHbIe

SPMUTOBBI MaTPUIIEI KODPPUIINIEHTOB}

Knacc mMaTpui BeIIENSIETCS YCIOBUSMU

N {Ar CHMMeTPUYHBIN C/y4ail (B.10)

AH KOMILJIEKCHBIX 3pMHUTOB CJy4an

OTOT KJIacC MOTHOCTHIO COACPKHUT B ceOe MOJMOKHUTEILHO ONMPENCICHHBIC MATPHIIBI, BBIJCTICHHBIC B
MIpENBIAYIEM Toapasaeie. TeM caMpIM, BCE, UTO OITMCAaHO HIDKE B ATOM TOpas3felie, MPUMEHUMO U K
MIPEABIAYIIEMY.

CootBercTrytoree pasnoxenne HaspiBaoT LDLT-pasnoocenuem (LDLH-paziooscenuem B apMuroBom
cirydae)

LDLT CUMMETPUYHBIHN caydan

H - . (B.11)
LDL KOMILJIEKCHBIA 3PMHUTOB CJIy4aun

PAPT = {

B »tux Qopmymax P o0o3HadaeT MaTpHIly II€PECTAHOBOK, HWCIIONB3YEMYIO JJISl TIOBBIIICHUS
YCTOMYHMBOCTH QJITOPUTMa, L — HIDKHETPEYrolbHAas C eIWHWIAMH Ha amaroHamn, D obGo3Hagaer
OJIOYHO-AMATOHATFHYI0O MAaTpUIy C (CHMMETPHYHBIMA WM SPMHUTOBBIMH) OJOKaMu HEOOIBIIOro
pa3Mepa Ha JAUATOHAIH .

Bce ckazanHoe B mpenploylieM MOApasfene OTHOCHUTEIBHO CTPYKTYPHI TPEYTOJBHOI'O MHOMHTEINS
npuMeHuMo U K ciaydaro LDLT-paznoxkenus. COOTBETCTBEHHO, AQJITOPUTM PEIICHUS CHCTEMBI
JIMHEHHBIX ypaBHeHu# (B.1) ¢ matpuieir koadduieHToB, ymosiaerBopsitomieii ycmosusm (B.10),
pazOmBaercs Ha IIary:

1. CummerpuyHas TepecTaHOBKAa CTPOK W cToiOnoB (B.5) MaTpuiel W KOMIIOHEHT BEKTOpa
npasoii yactu (B.6).
2. TpeyrombHas (axropuszanus Matpuils (cp. (B.11))

A = {LDLT CUMMETPUYHBIN C1y4dai B.12
' LpLH KOMILJIEKCHBIM 3PMUTOB Cy4an (B-12)
3. Pemenne cucrem ypaBHEHWH ¢ MarpuiaMu Kod()(HUIIMEHTOB, MONYYEHHBIX B pe3yJbTaTe
(hakTopuzanuu

1 CootBercrBytomue ¢pyHkin B LAPACK umeror Ha3Banust ?SYTRF, CHETRF, ZHETREF, rjae 3HaK ?
o0Oo3Hauaer ogHy u3 OykB S, D, C, Z.
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Ly = g;

Dw =y; (B.13)
L'z =w.

B spMuToBOM ciyyae mociaeaHssl CUCTEMa YpaBHEHUN TPUMET BUJL
Ly = g;
Dw =y; (B.14)
Hz =w.

4. TlepecTaHOBKA KOMIIOHEHT BEeKTOpa Hen3BecTHBIX (B.9)

B.1.3. Matpu1isl k03 PuIieHTos oo1Iero susa

B omimume OT mpenplAymIuX MOApa3AenoB, HUKAKAX OrpaHHUYeHUN Ha MaTpully A Kod(QQHUIIMEHTOB
CHCTEMbI TUHEHHBIX ypaBHeHUH (B.1) He HakmaapiBaeTCs.
TpeyronbHoe pa3nokeHne MaTPUIbl KO3(PPHUIIMEHTOB UMEET BH/T

A=LU (B.15)

rae L — HwKHeTpeyroiabHas MaTpulla C €IUMHUIIAMU Ha auaroHanu, U —  BepXHeTpeyrojbHas
MaTpuiia.

Kak u B mpenpinynieM mojpasjeine, K pa3pexXeHHOH MaTpuile Ko3QQHUIMEHTOB MOTYT HPUMEHSTHCS
NEPECTaAaHOBKU CTPOK U CTOH6HOB, NpE€aAHa3SHAYCHHBIC JJI1 YMCHBIICHUA YUCJia HCHYJIECBBIX 3JIECMCHTOB
B TPEYTONBHBIX (DaKTOpax W TOBBIIIEHUS YCTOWYMBOCTH BBIYHCICHHA K OIIMOKAM OKPYTJICHUH.
Tonpko mepecTaHOBKH ClieBa M CIIpaBa, BOOOIIE TOBOPS, Pa3iWYHBI. AJTOPUTM pEIICHUS CHCTEMBI
JIMHEWMHBIX YPAaBHEHUI OKa3bIBAETCS UJEHHO MOX0KUM Ha OMMCAHHbBIE B MPEABIAYIIUX TO/Ipa3iesax.

1. IlepecTaHOBKH CTPOK W CTOJIOIOB MATPHITHI KOI(PPHUITMESHTOB M KOMIIOHEHT BEKTOpa IMPaBOM

JacTH
Al = PlAPZ;
B.16
g="hf ( )
2. TpeyromsHas daxropusamus Matpuisl (cp. (B.15))
Ay =LU (B.17)
3. Pemrenune cucteM ypaBHEHUH ¢ TPEYrOIbHBIMH MaTPUIIAMHU KO3 (DUIIMEHTOB
Ly = g;
Uz=y (B.18)
4. TlepecTaHOBKA KOMITOHEHT BEKTOPa HEU3BECTHBIX
x=P,z. (B.19)

B.1.4. Crpykrypa TpeyroabHbix (paKTOpOB

TpeyronbHbele (axkTopel, Ha KOTOpbIE PpACKJIAJBIBACTCS HCXOMHAs MaTpULa, Takxke o001anaoT
pa3peXEHHOU CTPYKTYpOIl, HO C OIHOM CYIIECTBEHHON OroBOPKOM. UMCIO HEHYJIEBBIX 3JEMEHTOB B
TPEYroibHbIX (akTopax OOBIYHO NMPEBBILIAET YMCIIO HEHYJIEBBIX 3JEMEHTOB B MCXOIHOW Marpuue. B
ATOM MPOSIBIISICTCST TakK HasbiBaeMblil aghpexm zanoanenus (fill-in). {ns wutmroctpanuu paccMoTpumM
CUMMETPHYHYIO TIOJIOXUTENBHO OIPEACTIEHHYIO MaTPHUILY
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Brrunciisis ee pasioxkenue Xonenkoro A = LLT, monyuaem

2.6458 0 0 0 0 0
0.3780 0.9258 0 0 0 0
0.3780 -0.1543 0.9129 0 0 0
0.3780 —0.1543 -0.1826 0.8944 0 0

|

L=
|0.3780 —0.1543 —0.1826 —0.2236 0.8660 0
\0.3780 —0.1543 —0.1826 —0.2236 —0.2887 0.8165
0.3780 —0.1543 —0.1826 —0.2236 —0.2887 —04082 0.7071

\
)

0
0
0
0
0
0
0

Paznoxenue Xosenkoro TOW »e€ MaTpulbl, HO C CUMMETPHYHO IE€PECTABIEHHBIMUA CTPOKAMU U
CTOJIOIAMH, UMEET BH/I

100000 1 100 000O0O , 0O0OUOUOTUO0 1
/0100001\/0100000\/0100001\
001 00O0T1] |00 10O0UO0TUO0|[0OO0O1O0UO0TO0 1]
lo oo1 00 1l=lo0o 01090 o0llooo 1090 1]
loooo101| loooo1o00lloooo1o0 1]
\0000011/\0000010/\0000011/
1111117 1111111 % 000001

CpaBHEHHE JIByX DPAa3NIOKEHUN WITIOCTPHPYET YTBEPXKKJICHHE, YTO YHCIO HEHYJEBBIX JJIEMEHTOB B
TPEYTONbHBIX (pakTopax Merofa laycca 3aBHUCHT OT BBIOPAaHHOTO TOpPSAIKAa CTPOK M CTOJIOIOB
MAaTpHIIBI.

Db ekt 3amonHeHws BIAIeT Ha 00beM TpeOyeMoi omepaTHBHON MaMsaTH. HeTpyaHO MOHSATH, 9TO OT
3aIIOJTHEHUST TAKXKE 3aBUCHT YHCIIO apU(PMETHUECKUX OMepaIiii, TpeOYOMMXCS sl OCYIIeCTBIICHHSI
TPEYroabHON (akTopu3aluu. 3ajada O HAXOXKJICHUW ONTUMAIBHOrO (B CMBICIIC MHHHMHU3AIMN
a¢dexra 3amoNHEHUS) YNIOPAJOYMBAHUSA CTPOK M CTONOIOB MaTpuilbl NP-ciokHas, W MOTOMYy He
MMeeT MPaKTUIECKOro 3HaueHns. TeM He MeHee, CyIecTBYIoT anroputmsl ([4], [5], [6]), B pe3ynbrate
MPUMEHEHHS KOTOPBIX 3QEKT 3aNOTHEHHS OKa3bIBACTCS CYIECTBEHHO CHIDKCHHBIM.

B nakere USPARS s oThICKaHHS NEPECTAHOBOK MATPHUI] C LENbI0 CHHKEHUS 3allOJIHEHHOCTH
TpeyroibHbIX (hakTopoB paspaborana kommonenta Atlant (cm B.4). Mwmeercs BO3MOXKHOCTB
ucrosb3oBath naker Metis ([7]), eciau OH MPOMHCTAIUTHPOBAH HA BBHIYMCIUTEILHON CHCTEME, a TAKKEe
HCIIOJIB30BaTh IIEPECTAHOBKY, ONpPeaesieMy0 [10Jb30BAaTEIEM HIIM BOOOIIE HE OJBEPIraTh HCXOTHYIO
MaTpuIly HUKaKHM MEPeCcTaHOBKaM (CM. paszen 2.2).

B.2.baaancuposka k0>$PuIINeHToB ypaBHeHNI

B anroputmax perieHus CUCTEM JTMHEHHBIX YPaBHEHUH VI yaydIIeHUs YyCTOMYMBOCTH BBIYUCIEHUH K
MOrPEIIHOCTSIM OKPYIJICHHH MOXHO MHPUMEHATh TaK Ha3blBAEMOE MACUMAOUpOsanHue Cmpox u
cmoadyoe Mampuybl—B3aMeH CUCTEMbl YpaBHEHUN

Ax = f

paccMaTpuBacCTCA CUCTCMA

43



Ay = Dif
B KOTOPOH MaTpuIa ko3 GUIIMESHTOB OTYYaeTCsl U3 UCXOTHOW MaTPHIIBI YMHOXKCHAEM
A, = D,AD,

CJIeBa U CIpaBa Ha CICIHAIBHO MOJA00pPaHHbBIC TUArOHAIBHBIC MacIiTaOupyrome MaTpuisl D; u D,..
DJIeMEHTBI JTUaroHaJicii MacIITaOMPYIOIIMX MAaTpPUIl BEIOUPAIOTCS TakK, YTOObI B CTPOKAaX W CTOJIOIAX
MaTpuibl Aq MaKCUMAaJIbHBIC 3JIEMCHTHI ObUIM TOpsJKA CAUHUIBL Takoi NpHUeM TPUBOIUT K
YMEHBIICHUIO YKCJIa OOYCIOBJICHHOCTH MATPHIlBI KOA((HUIIUEHTOB, U, COOTBETCTBEHHO, YMEHBIIIACT
MOTPENIHOCTh YUCICHHOTO PEIICHUS] CHCTEMbI JIMHEHHBIX YPaBHCHUH.

B.3.Matching

C menplo yBENMYEHUs HAJGKHOCTH YHCICHHOH (aKkTOpU3alMM MATPHUIBI MOXHO TaK IEPECTaBHTh
ypaBHEHUS B CHCTEME

Ax=f
YTOOBI «YCHIIUTBY» JHAaroHab MaTPHILl Kod(hduipeHToB. st aToro mpuMeHsiercs mepecTaHoBka Py,

CTPOK MICXOJHOM MaTpuIlbl A, B pe3yiabTaTe KOTOPOH Ha TJIABHYIO JUATOHAIb MTONAaaf0T OOJbIIUE 110
MOJYJIH 3JEMEHThl MATPHIBL, JUIS JJIEMEHTOB MpaBod 4YacTH [ TpUMEHsSeTCS Ta e camas
[I€PECTaHOBKA:

Ay = PpA, f1 = Pnf.
B makere USPARS peann3oBaHbl HECKOIBKO aJITOPHUTMOB:
1) AnroputMm MakCHMMH3AI[MH MHHUMAIILHOTO JHATOHAIBHOIO 3aeMenTa (cM [8])
2) AJTOpUTM MAaKCHMH3AIMH [POU3BENCHUS JUArOHAIBHBIX 3JEMEHTOB C BO3MOKHOCTBIO
OaraHCHPOBKY MaTPHITHI (cM [8])

B.4.Atlant

B cocraB makera USPARS Bxoautr xommoneHTa Atlant mns mepeynopsigodmBaHUs pa3peKEeHHBIX
MaTpUI] C TENbI0 CHWKCHHS 3alONHIEMOCTH (OPMUPYEMBIX B MPOIECCEe Pa3IOKEHHUS MaTPHIIBI
¢akropo (fill-in reducing reordering). B KoMIIOHEHTE B KadecTBE OCHOBHOTO METOA
MEpEYNOPSIOUNBAHHS HCIIONB3YETC KOMOWHUPOBAHHBIM alTOPUTM HAa OCHOBE MHOTOYPOBHEBOTO
MeToJa BIOKEHHBIX ceueHWd [9] u >(QeKTHBHOro aBTOPCKOrO METOAa IepeyHopsI0YNBAHUS
roarpadoB Majoro pa3Mepa Ha OCHOBE aJTOPUTMa MUHUMAIBHON CTEIeHH [5].

B.5.Bunch-Kaufman ¢gaxropusans

Jns obecrieueHUs] TOBBIIIEHHOW YWCIEHHOW YCTOWYMBOCTH TIPH PEIISHWH CHCTEM JIMHEHHBIX
ypaBHEHUH MoxerT ObITh mpuMmeHeHa Bunch-Kaufman daxropmsamms. Otor Meron mpencTaBiseT
coboit Momu¢pukanuio Merona LDLT (axropusanum, KOTOpbIi J0MycKaeT HCIONb30BAHUE KaK
OTHOOJIOYHBIX, TaK M ABYXOJOYHBIX OOHOBJIEHHI I (hOpMUpOBaHUS (HhaKTOpHU30BAaHHON MaTpHIbl. B
ormuune oT crafaptHoil LDLT (axropusauuu, riae KasIplii Iar OOHOBIEHHMS IIPEIIOJIAraeT
W3MEHEHUE OIHOW CTPOKM M crondia matpuibl, Bunch-Kaufman ¢axropuzamms mnos3somser Oonee
3¢ (EKTUBHO CIPABIATHCA C IUIOXO OOYCIIOBIGHHBIMH MAaTpHIIAMH 3a CYET aJalTHBHOTO BbIOOpa
MEX]Ty OHOOJIOYHBIM U JIBYXOJIOUYHBIM OOHOBJIEHUEM.

[Iporece akropuzanmu pazmenser UCXOqHYy Marpuily (A) Ha mpousBelneHHe Tpex Marpuil: (A =
LDLT), rae (L) — HIKHETpeyroyiibHasi MaTpHiia ¢ SAMHUIIAMH Ha quaroHand, a (D) — quaroHasibHast
win OJ04HO-AMaroHabHas MaTpuua (¢ 61okamu pazmepom (1 X 1) unu (2 X 2)), yro obecrieunBaer
VIYUYIICHHYI0 YHCICHHYI) YCTOMYMBOCTh. Takoi IMOIXOJ TO3BOJISAET MHHUMH3UPOBATH BIUSHHE
OKPYTJICHUH ¥ HAKOIJICHUS YHCIICHHBIX OIMIMOOK, YTO SIBJISETCS KPUTHYECKH BAXKHBIM JUISl PELICHUS
IJI0X0 00YCIIOBIIEHHBIX CHCTEM JTMHEWHBIX YPaBHCHHIA.
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C. IIpakTyeckme peKOMeHagalMy IIO0 MCIIOAb30BaHMIO IIaKeTa
USPARS

C.1. Vlcnoap3oBaHe MHOTOIIOTOYHOCTY
Oynkunn nakera USPARS pacmapasuienensl oA MHOTOs[IepHbIE crcTeMBl cpeactBamu OpenMP.
Hauyunas ¢ USPARS 2.3.1 mnpennmoyTurtenbHBId crmoco0 3amath yucio OpenMP-motokos,
ucnonb3yemsix BHyTpu USPARS, — mapamerp options [USP__OMP THREADS] (cM. pasaen 2.2).

Hanpumep, ecim B KOHKDETHOM 3aIlyCKe pewiaTelnst Tpebyercsi MCIONb30BaTh 16 moTokos', mepex
BBI30BOM usSpars_init? () MOXKHO 3a1aTh

int options[USP_OPTIONS];
for (int 1 = 0; i < USP OPTIONS; i++) options[i] = -1;
options[USP_OMP THREADS] = 16;

3HaueHHe M0 yMOTYaHUIo Ui options [USP _OMP THREADS] paBHO omp_get max_threads() Ha
MOMEHT BbI30Ba Uspars_init? (). Ilepemennas okpyxenus OMP_NUM_THREADS u dynkius
omp set num threads () ocraiorcs craHgaptHeiMu cpeactBamu OpenMP u  BiausroT Ha
3HAYEHUE, BO3BpAIaEMOE omp get max threads(). OnHako
options[USP_OMP THREADS] mO3BOJISET OrPAaHUYUTEL YHCIIO IIOTOKOB Il KOHKPETHOIO 3aIlycKa
USPARS 6e3 n3menenus riiodaibHoi HacTpoiiku OpenMP B mporiecce.

VYCTaHOBHTh BEPXHIOIO TpaHWIy 4YHclIa HcrIoinb3yeMbix OpenMP-moTokoB MOXKHO, TPHUCBOUB
nepemenHoi okpyxxenuss OMP_NUM_THREADS 3nadyeHue paBHOe TpeOyeMOMY YHCIIy ITOTOKOB. B
cpene Linux ato nemaercst komaHa0#

export OMP NUM THREADS=16
CootBercTBeHHO, B cpeme Windows xkoMaH1a BEITIISINT TaK
set OMP NUM THREADS=16

Ecnu oqHO npriiokeHre 0HOBPEMEHHO 3alyCKaeT HeCKOJbKO He3aBUCHMBIX dk3eMiuisipoB USPARS,
PEKOMEHJIIyeTCsSl  paclpeleNsaTh  JOCTYIMHBbIE  pecypchl  MEXKJIYy HHMH C  IOMOIIBIO
options[USP OMP THREADS].

C.2. VrepanmonHoe yrouHeHue
Tperbs o cnucky
O TIEpEecTaHOBKa,
o (axropuzanms,
O pelLIeHHE CUCTEM C TPEYroJIbHBIMA MaTpHULIAMHU KO3 PULINEHTOB
¢aza anroputma nakera USPARS, npumMensieMoro aj1st peleHus CUCTEMbI TMHEHHBIX YpaBHEHUI

Ax = f,

OOBIYHO 3aHMMAEeT OTHOCHUTEILHO MaJlIyr0 JOJKO BBIYHUCIWUTCIBHOIO BPECMCHU. Hcnonbs3oBaHue 3TOro
00CTOATENBCTBA JIC)KUT B OCHOBC HCIIOJIb30BAaHUA HUTCPAIUOHHOI'O YTOUHCHUA (CM

1 )KeaaTeabHO, YTOOBI UNCA0 IIOTOKOB He IIPEeBHIIIal0 uncaa puanieckn 40CTYIIHBIX siaep Iporeccopa. B
IIPOTMBHOM CAy4ae BO3MOXKHA Aerpajaryist IIPOU3BOAUTE ABHOCTIL.
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options[USP_ITER REF] u options[USP TYPE ITER] B pasaene 2.2) ajis ydydlleHHUs
TOYHOCTH pEHIEHHS CUCTEMBI JIMHEHHBIX ypaBHeHWH. OpraHu30BBIBACTCS JOMOJHUTEIBHBIN
BBIUMCIUTEIBHBIA MPOLIecC, B KOTOPOM pEIICHHE MOMydaeTcsl 3a HEeCKOJIbKO OJHOTHIHBIX InaroB. Ha
Ka)K/IOM LIare Mmpolecca MCIONb3YIOTCS TPEYrobHbIE (PAKTOPHl UCXOMHONH MaTpHIBI, MOTY4YeHHBIC B
pe3yabTaTe (hakTopU3alMH.

C.2.1. IIpocrrie utepanun
B Merone mpocTeIX MTEpanyii B KaueCTBE BEKTOpa NPABOM YaCTU CIYXKHUT HEBSA3KA OT YTOYHEHHOIO
peuleHys], MOJAYYEHHOrO Ha IpPEAblAyIlleM Inare. B BBIYMCIEHUAX HEBSA3KU y4acTBYET HCXOAHAS
MaTpulla, TPUYEM, €CIIi BO3MOXKHO, BBIUMCICHHUS MPOBOAAT B (opMaTe MOBBIIIEHHOH TOYHOCTH.
Hcnonp3oBaHrEe OMMCAaHHOIO IPUEMA BO MHOTIMX CJIydasx ITO3BOJISIET IOJYYUTh PELICHHE C JIydllen
TOYHOCTBIO, 4eM 0€3 ero UCIIONb30BaHNUSI.

Ilpn HEKOTOPHIX YCIOBUSAX MONy4aeMblii Ha K-OM Imare HTEpalMoOHHOrO Mpolecca BEKTOP
x () oGecrieunBaer peleHye ¢ TydIneil HEBA3KOI

[|[4x® — £| < [|Ax®= — £]].

BeIxon w3 mporecca UTEPAlMOHHOIO YTOYHEHHUS IPOMCXOAUT IO JOCTHIKEHUIO MpEeAesa vucia
ATepanui

k < kmax (C.1)
JII/I60 JOCTMXKCHUIO KPUTEPHUA MAJIOCTU OTHOCUTEJILHOMI HOPMBI HEBA3KHU

14x® — £]]
If1l

[Mapamerpsl a u k. 321aHBI IO YMOIYAHHIO JIMOO yCTAHABIMBAIOTCS IONB30BaTENEM (CM paszen

(C.2)

2.2). B ciyuae, eciu HeBsI3Ka B MPOIIECCE PEIICHUS TOCTUTACT 3Ha4YeHus INf, mporecc nTeparmoHHOro
YTOUHEHHS OOBSABIACTCS HecomweqmuMces W QyHKOuA uspars_solve () (cMm pasmen 2.4)
BO3BpalaeT Koj 7.

C.2.2. BiCGStab
Biconjugate Gradient Stabilized (BiCGStab), npennaznadeH as pemieHNs HECHMMETPUYHBIX CHCTEM
JTUHEHHBIX YPaBHEHHM, OJHAKO €ro MOKHO TMPUMEHHUTh U JUIS MIOOBIX JPYrHX. DTOT METOJ] 0COOCHHO
MOJIE3eH JUISl PEIICHHs] OONBINUX PAa3pEKCHHBIX CUCTEM, T NPSAMON peliatellb MOXKET ObITh
Hed(PPEKTHBEH.

1. Boruncnenne HeBs3ku pemeHuss USPARS wu onpeneneHwme YCIOBHS OCTaHOBKH, WCXOAS U3
OTHOCUTEIBHON HOPMBI HEBSI3KH.

2. [lpumenenne BiCGStab utepauuii 1y yToUHEHUS peLLICHUS:

e  BBHIYMCIICHHE HalpaBJICHUN TIOMCKa;

®  pelleHHEe BCIIOMOTaTeNIbHBIX CHCTEM JIMHEHHBIX YPaBHEHUH C MCIIOIb30BAHUEM TPEYTOJIBHBIX
(haKTOPOB MCXOAHOW MaTPHIIbI,

e 00OHOBIIEHHE NPUOIIIKEHNS PELICHHUS U BEKTOpA HEBS3KH.

AHaIOru4Ho MMPOCTBIM HUTECpALlUAM, IIPOLECC 3aBCPHIACTCA mmbo 1o JOCTHXKCHHH MAaKCHMAaJIbHOI'O
quciaa HTepaL[Hﬁ, 1100 KOr J1a OTHOCHUTCIIbHAd HOpMa HCBA3KU CTAHOBUTCA NOCTATOYHO Majia.
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10T MCTOJA MOXET HCIHOJIB30BATHCA B KAaUCCTBC MHCTPYMCHTA JIA OOCTUIKCHUA 0ojiee BBICOKOM
TOYHOCTHU peHIeHI/Iﬁ HJ'IOXOO6yCJ'IOBJ'IeHHI)IX CHUCTCM, Ha KOTOPLIX OH IIOKAa3bIBACT JIYUIIYHO B
CpaBHCHUH C ITPOCTBIMHU UTCpAIUAIMHN CXOAUMOCTD.

C.3. IIpuemsl 'obxoaa’ ommbOku Zero Pivot

B mpomecce TpeyronbHOH (akTOpHU3alMM MATPULBI THATOHANBHBIA JJIEMEHT MOXET OKa3aThCsl
paBHbIM Hymo. [Ipomecc He MoXkeT OBITh MPOAOIKEH IOTOMY, YTO JAWATOHAIBHBIC 3JEMEHTEHI
WCTIONIB3YIOTCS B KauecTBE 3HaMeHaTenel B mporiecce Gaxkropusanun. [Ipu 3ToM nosiBJIeHUE HYIIEBOTO
JJIEMEHTa He 00s53aTEeNbHO CBSA3aHO C BBIPOXKICHHOCTHIO MCXOMHOW MATPHIBI — OHA MOXET OBITh
xopomo o0ycioBieHHOH. [ mpeofoneHus: 3Toro 3aTpyJHEHUS HCIOIb3yeTcS TaK Ha3bIBAEMBI
6b100p 6edywe2o dnemenma @ cmoabdye (pivoting) — TiepecTaHOBKA CTPOK, B pe3ylibTare KOTOpOW Ha
MECTO JHaroHaJIBHOTO 3JIEMEHTa MO aeT HeHYJIEBON DJIEMEHT U3 TOTO JKe CTOJNOIA, pacIIONOKEHHbIN
HWKke nuaroHand. [locie 3Toro Qaxropuzanyio MOXKHO MPOIODKUTH JIO TOSIBICHUS CIIETYIOLIETO
HYJIEBOTO JJIEMEHTa Ha JuaroHanu. Torma cHoBa TpeOyeTcsl MepecTaHoBKa CTpoK. B pesymbrate
MaTpHIla OKa3biBaeTcsl (hakTOPH30BAaHHON—TIPEICTABIICHHON B BUJIC TPOU3BECHUS JBYX TPEYTOIbHBIX
MaTpHI] ¥ MaTPHUIIBI IEPECTAHOBOK.

Ecnm Ha xakoM-TO TI1are He yaeTcss HaWTH HEHYJIEBOW BEAYIUI DJIEMEHT B CTOJOIE HUKE HYJIEBOTO
JNATOHAIIFHOTO JJIEMEHTa, TO 3TO OyIeT O3Ha4daTh, YTO MCXOAHAs MAaTpHUIla BBEIPOXKIECHA CO BCEMH
BBITEKAIOIIUMHU TTOCJIEJICTBUSMHU JIJI1 COOTBETCTBYIOIIEH CUCTEMbI IMHEUHBIX YPaBHEHUM.

B cnydae BbIMONHEHWS BBIYHCICHWNA Ha KOMIIBIOTEpE apu(pMETHUYECKHe OINEepaluyd HaJ YHCIaMH
MOJIBEPIKCHBI OKPYIJICHUSIM, U PACCYKIEHUS BBIIIE JODKHBI OBITh MOTU(QHUIMPOBAHBI. Bo-mepBbIX,
JlaKe eclii B Tporecce (akTOpU3alMi Ha JMaroHallM He TIOSBIISIOTCS HYINHW, JISICHHE Ha Malble
3HAMEHATENTM MOXET MPHUBOJAUTH K OOJBIINM BEIWYMHAM BILIOTH 10 overflow. Bo-BTOpsIX, nMeeT
MECTO HAKOIUIEHHE IMOTrPEUIHOCTENH OKPYIJIEHUH, KOTOpPO€ MOXET HCKa)KaTh pe3yabTar. TakuM
00pa3oM, BBIOOP BEIYILEro 3JIeMEHTa HEOOXOIUM, HO OH JOJDKEH ObITh MOIU(HU IIMPOBAH.

ﬂCHO, 9TO B Ka4i€CTBE€ BEAYUICTO J3JIEMCHTA HYKHO IIPOCTO 6paTI> MaKCHUMAJIbHBIN 110 MOZIYJIIO
OJIEMEHT, IIPUYEM OTO ACIaTh BCEria. Paznmmyaror gBe CTpaTeruun BLIGOpa MaKCHUMaJIbHOI'O 110 MOAYJIIO
OJICMCHTA.

A. Bribop makcumansHOro B crombue (Partial pivoting). Ilpm paccmMoTpeHWH AWATOHATBHOTO
ayeMeHTa A;; IUTS OTBICKaHUS BEAYIIEro 3JIEMEHTa CIIeyeT HaAiTH

max |Ay;|.
iskle kil

HalineHHbIi1 MakCHMaTbHBIN 3JIEMEHT JOJDKEH OBITh IepecTaBieH Ha mecto A;; . s atoro

HY>KHO TIePECTaBUTh JIB€ CTPOKH.
B. Bribop makcumansHOro Ha muaronanu (Diagonal pivoting). Jlauublii croco® mo3BoseT BHIOPATh
BEAYIIMA DJIEMEHT, HE HApYIIMB CHMMETPHIO MAaTpHUIIbl, €CIM TaKoBas TPHCYTCTBOBAjA.
Pemaemas 3a7a4a

max |A
i<k<N ||

31ech MaKCHUMAITBHBIN AJIEMEHT HINETCs Ha AuaroHain. HalieHHbI 37IeMeHT repecTaBisercs
Ha MecTO A;; C MMOMOIIBIO TEPECTAHOBKY CTPOK U CTOJIOIIOB.
C. Bsibop mo Bce marpuie (Full pivoting). 3mecsh perraemasi 3aqa4ya MoMCKa BEIYIIEro 3JEMEHTA
HMeEET BUJ
max |4,
i<k<N |4l
i<j<N
31ech O TOro, 4roObl IOCTABHTh HAWJIEHHBIA MaKCHMMAaJIbHBIA JJIEeMEHTa Ha MecTo Aj;,
HY>KHO OyJIeT IePEeCTaBUTh CTPOKH M CTOJOIBI.
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B stux (bopMynax TUJIbJA B 0003HAYEHUAX MCIIOIL30BaHA JJIA o0o3HaUueHUS TCKYIIHX 3HAYCHUI
DJICMCHTOB MacCHBa, COACpKAIICro 3JICMCHTbI MaTpHUIIbI, yTOOBI OTIHYUTE HMX OT DIIEMEHTOB
HCXOOHOI'0O MaCcCHBa (BCC BBIYUCJIICHUS ITPOU3BOASATCA 'Ha MeCTe').

Teopembl 00 YCTOHYMBOCTH PELICHUSI AOKA3bIBAIOTCS MPH YCIOBUH, YTO BBIOOP BEAYLIErO 3JIEMEHTA
MPOU3BOAMTCS MO Bceil MaTpuile. TeopeM, rapaHTHPYIOIIUX YCTOHYMBOCTE MPH BEIOOpE MO CTOMNOILY,
Her. Bomee Toro, M3BECTHBI KOHTPIPUMEPHI, IMOKA3bIBAIOIIME, YTO ITPH HCIOIB30BAHUU BEIOOpa
BEJYIIEro 10 CTOJIOLY MOXKET HAOII0JAThCsl BEIUMCIUTENbHAST HEYCTOMYNBOCTE. O/IHAKO, IO BIIOJIHE
OYEBHIHBIM MPUYMHAM TPAKTHUECKOE NIpPUMEHEHHE HaXOAMT HCIONb30BaHWe crpateruu Partial
pivoting. Ilpu 3TOM aBTOpPBI CCBHUIAIOTCS HA TO, YTO HCIIONB30BaHWE 3TOW CTpATErMu OOBIYHO
IIPAKTHYECKU BCEI/la IPUBOJUT K YCTOMUUBBIM PE3YyJIbTAaTaM.

Bce npenpinymye paccyxaeHus He MPUHUMAIOT BO BHUMaHHE CTPYKTYPY HEHYJIEBBIX 3JIEMEHTOB B
MAaTpHIIE U IOTOMY OTHOCATCS K TUIOTHBIM MaTpuliam. [lepen dakropu3zanueil pa3pexeHHON MaTpHIIbL
MPUMEHSIIOT CIeNMaNbHbIe TEPECTAHOBKM CTPOK M CTOJOIOB, NpPU3BaHHbIE MHHUMH3HPOBATH
norpedisieMylo maMath. [Ipy 3TOM B MaTpulle BO3HHKAET HEKOTOpas CTPYKTypa HEHYJIEBBIX
JJIEMEHTOB, KOTOpas HE JIOJDKHA OBbITh HapylieHa. B wrTore mepecTaHOBKHM CTPOK U CTOJIOIOB
paspelieHsl, HO TOJIBKO B ONpeNeNeHHBIX mpenenax. llocme mepecTaHOBOK CTPOK M CTONOIIOB,
UMEIOIIHX TeNTbI0 yMEeHbIlIeHne Y eKTa 3aroHeHNs, B MATPHIIE BIJIEISIOTCS KBaIpaTHbIE OJOKH Ha
nraroHa. IlepecTaHOBKH, OCYIIECTBISIEMbIE C IENBbI0 BBIOOpa BEIYIIErO AJIEMEHTA, HE JIOJDKHBI
HapYyIaTh ATy OJIOUHYIO CTPYKTYPY. DTO MOXKHO MPOUJLTIOCTPUPOBATE CIEAYIOIEeH (popMyITon

All X X X X
/x AZZ X X X \
| ¢ P : : : o
| X X X |
| X X . X i X |
X X X X Ai+1,i+1 /

KBajpatnsle guaroHanbHble O70KM A;; MOIYyT HMMETh DPa3jIMuHblE TOPAAKH U TPAKTYIOTCS Kak
motHele. Kpecramu 0003HadeHBI, BOOOIE TOBOPSA, MPSMOYTOIbHBIE OJOKH, KOTOPBIE MOTYT OBITh
YKHCTO HYJICBBIMU WJIM HMETh HEHYJICBBIC 3JIEMEHTHI.

dakropuzanys BceH MaTpHIBI BKIIOYAeT (HaKTOPH3ALUIO MArOHAIBHBIX OJOKOB M oOpaleHne
MONYYeHHBIX TPEYroibHBIX (hakTopoB. MHBIMM ClOBaMH, IHAarOHANBHBIA OJOK Ha MOMEHT
baxTopuzaimMK 10KEH OBITH HEBBIPOKAEHHBIM . Bo Bpems (pakTopu3anuu amaroHanbHOro 6;oka A;;

paspelleHbl IepeCTaHOBKH CTPOK M CTOJIOIIOB, NEpeceKaroInecs ¢ OJI0KoM A; ;.

Takum oOpazom, mpu ocymecteneHnn LU-dakropuzamun B makere USPARS BreiOop rmaBHOTrO
aneMeHTa mpoucxomuT mo cxeme Full pivoting mo OTHOmIEHWIO K JHArOHANBHBIM OloKaM. Mer
HasbIBaeM Takyto crpateruto Local Full Pivoting.

[Ipouecc ¢axropu3zanyy MIOTHOrO AUATOHATIBHOTO M X-0J10Ka MPOMILUTIOCTPUPOBaH (hopmynoit

X X X X
X Qg Ark+1 ° Agm

| X sk Aksrk+1 0 Arsrm | (C.3)
X Amk Am,k+1 Amm

1 HpaBUIIbHEE CKa3aTbh, XOPOLIO 06YCJ'IOBJ'ICHHBIM
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31ech KpecraMu O0O3HAuYCHBI YK€ OOpaOOTaHHBIC CTPOKM M CTOJONBI, HAa Odepeaud 00paboTka
JIMArOHAJIBHOTO 3JIEMEHTA Oy, BBIICICH OCTABIIMICS HEe (aKTOPU30BaHHBIM TONOJIOK pa3mepa (m —
k+1)x(m—k+1). Uz-3a Toro, urto BHIOOp BeAyWIEr0 3JEMEHTAa OrPaHUYEH BIIEMEHTaAMH
BBIJICJICHHOTO 0JIOKAa BO3MOYKHA CHTYaIlHs, KOTJa BCE AJIEMEHTBI 3TOro OJIOKa Malibl IO aOCOIFOTHOM
BEJIMYMHE M HE MOTYT OBbITh B35Thl B KauecTBe Bemymmx. OTMETHM, 4YTO (PAaKTHUECKH 3TO MOXKET
CIy)XUTh CHTHAJIOM O IUIOXOM OOYCIOBICGHHOCTH JAMAaroHajJbHOTO OJIOKa, IOJBEPTaeMoro
(baxTopu3anum, HO He 0053aHO 03HAYAThH IUIOXYIO OOYCIOBJIICHHOCTh MCXOIHOH MaTpullbl. DyHKIUSI
uspars_fact () B TakoM ciaydae Bo3Bpaiaer koj 4 (Zero pivot). Takoi Kox CHrHaNU3UPYET O
TOM, 4TO (hakTopH3amus He ObLIa OCYIIECTBIEHA M3-3a TOTO, YTO B JIOKAJILHOW MaTpHIle HE YAaJoCh
HAWTH BEAYIIUN 3JIEMEHT.

st mpeononenus Bo3HUKaromero 3arpyaHeHust B makere USPARS paspaboransl crnenmaibHBIE
npHueMbl, onucaHuele B paznaenax C.3.1, C.3.2.

C.3.1. AuaronaapHas nmoaaep>Kka
I[lycte B mpomecce (akTopusalMyd BCTPETUIACh CHUTyallUs Zero pivot (dbyHKIUs
uspars_fact () BepHyna xox 4). HMuaue rosops, mpolecc monaj B CHTYallMIO, ONHCBIBAEMYIO
dhopmysioii (C.3), rae Bce 2JIEMEHTHI BBIJICIICHHOTO OJI0Ka MaJIb

|laij| < SpoosellAlly, k< ij <m.

3neck ||A]|l; 0603HagaeT HOPMY MCXOIHOM MATPHIIBLI, KOTOpas MoABepraercs (pakTopu3auu, 8post —
MaJTbIi OJOXKUTENBHBIN Tapamerp. Ecim 610k

12993 Ark+1 0 Qgm
ak-l.-l,k ak+%,k+1 ak-l—.l,m
Amk Amk+1 Amm
3aMEHHUTh Ha OJIOK
6boost”A”11m—k,—1: (C.4)

MPOMOPIUOHALHON ~ CIMHUYHOW MaTpuie mopsaka m —k + 1, To Qakropuzanuo MOXKHO
NPOIOKKUTE. TaKko# MpreM B aHTJION3bIYHON JTUTEepaType HassiBaercst boosting (mommeprxkka). Criocod
BKJIFOYCHHSI OIITAN — CM paznen 2.2.

[Ipumensist, ecau HYKHO, HECKOJBKO Pa3 3TOT NPHEM, (PaKTOpU3aLMIO yOaeTcsl JOBECTH OO KOHIA.
Opnako, pakTOPH30BaHHOW OKAa3BIBACTCS HE MICXOHAS MATPHIIA, a HEKOTOpoe ee BosMyieHue. Ecmu
BHOCHMOE BO3MYIIICHHE Ha [Iarax MOAIEPKKH He BEIMKO, HHAYe TOBOPS, HE BEIHKO Opg0st, TO MOKHO
HAAEAThCs, YTO B PE3yJIbTaTe OKa3anach GaKkTOPU30BAHHON MaTpuLa, OJIN3Kas K HICXOTHOM.

Hcnonw3ys nomy4deHHbIe TpeyroibHble (GaKTOPBl B Ka4eCTBE MPeN0o0yCIaBIMBATENs], MOXKHO PEIINTh
CUCTEMY JIMHEHHBIX YPaBHEHUU C MCXOMHOW MAaTpHUIleH KO3 UIIMEHTOB NTEPAIIIOHHBIM METOIOM. B
nakere USPARS B kauecTBe UTEpallMOHHOTO METOAA HCIIONB3YETCS METOJ MPOCTOM HUTEepaluu, B
KOTOPOM HEBS3KH BBIUYUCIAIOTCS 10 MCXOJHON CHUCTEME, a IS BBIUYMCIEHUS CIENYIOIIEH WTepaiuu
WCIONB3YIOTCS  TPEYroiibHbIe (DAaKTOphI, TIONYYEHHBIE C HWCIOIB30BAaHWEM TMOJIEPXKKA. B
MIPEIONIOKEHUH, YTO BHECEHHOE BO3MYIIEHHE OBUIO HE CIIHMIITKOM BEIHKO, MOXXHO HAaAEATHCS, YTO
WUTEpAIlUU COMAYTCS, YTO M MOATBEPXKAACTCA HAa MHOrux mnpumepax. Creayer MMeTb B BUIY, YTO
BKJIFOUCHHE TIOJUIEPKKH TPeOyeT JOMOIHHUTEIBHOTO BPEMEHH 110 CPAaBHEHUIO C THIIOTETUYECKOM
CUTYyaIUe, KOTJja BCe BRIYHUCIICHUS YIAI0Ch MPOBECTH O€3 MOIIEPIKKH.
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Hcnonp3oBaHue NOUIEP;KKH MPOUILTIOCTPUPOBAHO example boosting.c (cM pazgen A.2l).

C.3.2. TaobaabpHbIE IepeCcTaHOBKI
BBoanbie /Uil ONMUCHIBAEMOrO B 3TOM pa3fene MpUeMa TE K€ Camble, YTO W IJis NPENbIAYLIEro —
(byHKuH;I uspars_ fact () BepHyIa KOI omnOKH 4, BEIIEIECHHBINA 010K

X X X X

X Qgg A k+1 *° Ogm
A = | X @rs1k Qkeik+1 0 Gkrim |

X Amk Am k+1 Amm

B dopmyie (C.3) siBnsiercs 'HyJIeBbIM', T. €. YIOBJIETBOPSIOLIAM YCIOBHIO

max |a;i| <6y, max |a;; C.5
ksi,jsm' ”| gp 1si,jsN| ”l (C.5)
3neck N- MOPSIOK MCXOJHOW MAaTpPHIIbI, ToBepraeMoi (akropuzanmu. MakcMMyM B MPaBOi 4acTu
HepaBeHcTBa (C.5) BRIYMCIIETCS 110 DJIEMEHTaM MCXOJHONW MaTpPHUIIbl, MAKCUMYM B JIEBOM 4acTH — 10
3JIeMEeHTaM TeKymiero 0joka A;;.

[Ipuem, msnmaraemplii B 3TOM paszeie, B NMPUMEHCHHH K CHTYaIldd C 'HYJEBBIM' IOIOJIOKOM OJIoKa
A;j; MOXHO TIPOMIITIOCTPUPOBATD CIAEHYIOMUM (HOpMyITamMHu.

/An X X X X 0\
| X - Ajqyeq | X X e X |0
| x - X Ay X wox | 0| €.6)
S [ A x| 0] -
\x X X X Ann 0/

0 0 0 0 0 I

3mecy BBIAENEHHAs ONMOYHAS CTPOKAa M BBIACNEHHBIA OJOYHBIN CTONOEN OmHMparoTcs Ha 'HyJIeBOH'
MOIOJIOK AMAaroHaIbHOro O670Ka A;;. UTOOBI OTpa3uTh TOT (akT, 9TO 3TO—YaCTh BCErO OJIOKa, TPAHUIIBI
HApUCOBaHBI MEPECEKAOIIMMU CUMBON A;;. MaTpuna okaiimisercst cnpaBa OJ0YHBIM CTOJIOLOM U
CHHU3Y OJIOUHOM CTPOKOM, IIMPHUHBI KOTOPBIX COBMAAAOT C TIOPSIKOM 'HyleBoro' 61oka. Bee anmemeHTH
OKalMJIEHHsI paBHBI HYJIO, 32 HCKIIOUCHHUEM MPABOr0 HIDKHEro OJIOKa, Il pacloyiaraeTcsl eqUHUIHAS
MaTpulla COOTBETCTBYIOILETO pa3Mepa.

HobaBieHue cToinOnoB B MAaTpHIly B TEPMHUHAX PEIIAEMOH CHCTEMBI JIMHEHHBIX YPaBHEHUHA MOXHO
TPaKTOBaTh KaK J00aBIICHHE HEM3BECTHBIX B cHCTeMy. JlOMOMHMM BEKTOp MpPaBOil YacTH CHU3Y
HYJSIMH TaK, 9YTOOBI YMCJIO KOMIIOHEHT B BEKTOPE OKAa3aJOCh PaBHBIM YHCIY CTPOK B OKaiMJICHHON
Matpuie. TakuM 006pa3om, TONOIHUTENbHBIE CTPOKM O3HAYal0T J00aBICHHbBIE ypaBHEHUSI.

K pacumpennoii matpuue (C.6) npuMeHsieTcsi CHMMETpHYHAasl IIEPECTAHOBKA CTPOK M CTOJIOIOB Tak,
4T0OBI JOOABICHHBIN €IMHIUYHBIN OJOK U3 OKaliMJIeHHs IonaJl Ha MecTo 'HyJeBoro' 6ioka. CTpykTypa
MaTpHLbI IPUHUMAET BUJ
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X Ai—l,i—l X X X

X X A, X x| 0

X X X | Aiggivr 0 X | 0 €7
X X X X Ann 0

0o - 0 0 0 -0 | Ay

Ha MecTo equHMYHONW MaTpUIBI B IPABOM HIDKHEM Y1y TOHai "HyJIeBOH OJIOK, 0003HAYCHHBIH Aii.
UroOBl OTMETHTH TOT (akT, uTo B Onoke A;; HyieBoi’ OJOK oKazaucs 3aMEIlICHHBIM eIUHHYHON
Matpuieil, Mbl Mcrons3yem 3Hak THIbbI. COOTBETCTBYIOIINE EPECTAHOBKU JOMIKHBI OBITH CJIEaHBI
TaKXe B BEKTOpE MPaBOW YacTH.

ITocne mponenaHHOro mpeoOpa3oBaHMS CUTyalus, BbI3bIBAIOIAsl Zero pivot Mcde3aeT M IHpolecc
(baxTopu3anun MoxeT ObITh IPOAOJKEH. B ciryuae, eciim cHOBa BeTpedaercst Zero pivot, OnUCaHHbIE
BBIIIIE TPE0OPa30BaHUs TOBTOPSIOTCS. SICHO, YTO TaKMM 00pa3oM MOXKHO JIOWTH 110 Oioka A, mocie
Yero OCTAaHETCS HEKOTOpOe KOIMYECTBO J00aBICHHBIX CTPOK M CTONOWHOB. [l MX HCKIIIOUEHUS
CIIe/lyeT HCIOJIb30BaTh BBIYMCICHHYIO (aKTOpU3alMi0 MOAW(MHUIIMPOBAHHON MATPHUIBI, 4YTO B
KOHEYHOM cUeTe NPUBEJIET K 3a1aue (pakropuzanuy 100aBIeHHOro 06JI0Ka, PacHONI0KEHHOTO B IIPAaBOM
HWxKHeM yriy. DakTopusys €ro, HojaydyuM pas3JIOKEHHE B TPEYrOJbHbIE MAaTPHILl PACIIMPEHHOU
MaTpulbl. Pemas paclIMpeHHY0 CUCTEMY, Mbl OIIPENEIUM BEKTOP HEU3BECTHBIX, B KOTOPOM HMEIOTCS
ZIO6aBHeHHBIe KOMITOHEeHTHI. X CJICAYCT UCKIIFOUYUTH U3 OTBETA.

B caygae, ecnm mcxomHas MaTpHIla CHCTEMBI ObIIa XOpPOIIO OOYCIIOBICHHON M OMMOKH Zero pivot
MOSIBIISUTUCH BCIIECTBHE HE CIUIIKOM YJa4yHOrO BBIOPAHHOTO MOPSJIKA CTPOK M CTOJNOIIOB MATPHIIBI,
TIOCTIE/IHAH HIKHU 6I0K 6Y/IET He CIIUIIKOM III0X0 06YCIOBIEHHBIM™ M ero (haKTOPH3AIHs OKaKeTCs
BO3MOXHOM. [IpakTHKa MCIIONB30BaHUS OMMCAHHOTO MpHeMa MoATBepkAaeT 3T0. Crocod BKITFOUECHUS
OILIUK — CM paznen 2.2.

OueBHIHBIM HEJOCTATKOM OIHCAHHOTO TIpUEMa SBJSICTCS  YBENUYEHHE pacxolla  ITaMsTH.
COOTBETCTBEHHO, YBEIIHMYUBACTCS M BpeMsl (haKTOPU3AIlUK, €ClId CPAaBHUBATH €r0 ¢ THIIOTETHYCCKHM
BpeMeHeM, KoTopoe Obl moTpeboBamoch ecim OBl ommoOKa Zero pivot He BO3HUKANA B (PaKTOPU3AIHUIO
YIAIOCh OBl OCYIIECTBHUTD JJIsl HCXOHOW MATPHIIBL.

CA4. /Be MmoapI ncrmoanr3oBanHms maketa USPARS

Bosmoxxkaoctn makera USPARS penmts koHkpeTHy!o CJIAY 3aBHCAT OT MHOTHX (DaKTOPOB, CpPEIH
KOTOpPBIX HE IIOCIEAHIOI pOJib HIPAIOT XapaKTEPUCTUKU BBIUYUCIUTEIBHON CHUCTEMBI C OOLIeH
NaMAThIO (XapaKTepUCTUKK ‘“kene3a”). B pesynprare Qaxropuzanuu MaTpuubl K03 HUINEHTOB
YHCIO HEHYJIEBBIX 3JIEMEHTOB B TPEYrONbHBIX (PaKTOpax MOXKET B HECATKH MM Ja)XXe COTHU pa3
MPEBOCXOANTh YHCIO HEHYJEBBIX 3JIEMEHTOB MCXOAHOM MaTpulbl kodpduuuento. B mpomecce
pewenns CJIAY TpeyronsHble (aKTOPHI ABISIOTCS IPOMEKYTOUHBIMU PE3yIbTaTaMH U AOJKHBI OBbITh
COXpaHEeHbl 10 3Tama pemeHus. HemocraTouHocTs 00beMa JOCTYIMHOM ONEPATUBHOM MAaMATH MOXET
0Ka3aThCsl KpUTHUECKUM 00CTOATENbCTBOM IpH pemtennn CJIAY Gonpbuioro pazmepa.

Hcnonp3oBaHne IUCKOBOW HaMsTH Ui BPEMEHHOI'O XpPaHEHHS IPOMEKYTOYHBIX DPE3YJIBTATOB C
LeNbI0 ochalineHus TpeOoBaHUH K 00beMYy OlEpaTUBHOM NamsTu sBJsieTcs 3 QEeKTUBHBIM CPEACTBOM
C 3aTpy/JHCHHEM, OMMCAHHBIM B HpenbiaynieM ad3ame. Takoro poma uiues Hocut HasBanue Out-Of-
Core (OOC) u wucmompsyercs Bo MHorux mnakerax mno pemenutro CJIAY. B makere USPARS
peaIr30BaHbl ABE MOJbI BHIUMCIICHUN:

I Takas OCTOPOXKHAA (1)OpMyJ'II/Ip0BKa BBI6paHa Hn3-3a TOro, 4YT0 COOTBCTCTBYIOIINE TCOPEMBI, O6OCHOBLIBaIOHII/I€ 3TO
YTBCPIKACHNC, HCU3BCCTHBI. BOBMO)KHO, YTO UX MPOCTO HET.
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e In-Core (IC) —moma, B KOTOpOW BCE NPOMEKYTOYHBIC pE3YJIbTaThl COXPAHSIOTCS B
OIIEPaTUBHOI MaMSTH;

e OOC — mona, B KOTOPO#i ISl XpaHEHHS YaCTH NPOMEKYTOUHBIX PE3YJIbTATOB UCIIOIb3YETCsI
JIACK.

U3-3a 0OMeHOB ¢ auckoM monHoe Bpemst Berunciennit B OOC mome Oymer Oonblie, 4eM Ha TOH ke
BBIYHCIIUTEIBHON CHCTEME, CHAOKECHHOM JOTMOMHUTEIIBHOM ONepaTuBHOM mamsThio. Takum oOpasom,
OOC-mona mno3Bomsier pematb CJIAY, s kxoTopblx mpu wucnonb3oBaHuu |C-momel 00beM
OIIePaTUBHOM MaMATH OKa3bIBACTCSI HEOCTATOYHBIM.

Jus Toro, YToOBl BBIOpPaTh Ty WM HHYK MOMY, CIEAyeT HCIOIb30BaTh 3HAUYCHHE
options[US P OOC MEM] - cMm paszen 2.2, B KOTOpPOM noz[po6Ho OIMCAaHO KaK BKJIOYHUTH TY WU

WHYI0 Moay. JMpekTopus, B KOTOpOH pacmoiaraloTcs (aiibl ¢ NPOMEKYTOYHBIMHU JTAaHHBIMH,
MOJIyYeHHBIMH B Ipoliecce (HaKTOpU3aIlMM, OIpPe/e/icHa 3HAYCHHEM IEPEMEHHONH OKpYKEHHUS
USP_OOC_PATH. B cmydae, ecnum Takas IepeMeHHas He 3aJjaHa, HCIONb3yercs pabouas
mupektopusi. Ilpedukc y (aiioB ¢ MPOMEKYTOUYHBIMH JIAHHBIMU 33J]a€TCS Yepe3 IEPEMEHHYIO
OKpyxeHnss USP OOC NAME. Ecmu sTa nepeMeHHas He 3aJaHa, ucnonb3yercs umsa ooc  lu. Ilo

okoHuaHuu padotel USPARS co3nanHble (aiiibl Beerja ynalsiioTcs BO BpeMsi BbI30Ba (DYHKIMH
uspars_destroy () .
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Python-unrepdericet USPARS

Wnrepdericet USPARS noctynubsl B ToM uncie U Ha Python nox nasBanmem PYUSPARS. U3
0COOCHHOCTEH WX MCIONBb30BaHUS MOYKHO BBIACIUTH:
o lcmosp30BaHne pa3peKEHHBIX MATPHIl, 33JaHHBIX B cTaHmaptHoMm is Python Scipy CSR

(dhopmate

L] Hamnuwne JOITIOJTHUTCIIBHBIX METOA0B — pacucra HCBA3KH, MOrpCeuIHOCTH, quciia
00YCITOBIIEHHOCTH, 4 TAKXe BBIMPY3KM MATPHUIBI 3aJa4d IOCIe TPUMEHEHUS MepecTaHOBOK
(cm. D.3.4)

e Uurepdoeiichl, coorBeTcTBYIOIMUE Python-crumo
O ABTOMAaTMYEeCKOE BBIJCICHHE M OCBOOOXJECHHME IIaMATH, M, KakK CJICIACTBUE,
orcyrcTBre MerooB Uspars_alloc, uspars_destroy
o YMeHbIlIEHHE YKCIIa apTyMEHTOB METOI0B  Uspars_init, uspars_fact, uspars_solve (cm.
D.3.2)
o Maccus options mepesenen B data descriptors (cm. D.3.2)
e Pemenue npu Bei3oBe Merona SOIve (cm. D.3.2) Beigaercst mosibp30BaTeIio OTAEIbHO, TOTIa TaK
uspars_solve (cm. 2.4) 3ammchIBaeT pereHne B MaCCHB IIPpaBoii gacTtH b.
Hanuune Scipy-coBmectumMbix nnaTepdeiicos spsolve u factorized (cm. D.2

B Python yxe mnpucyrcTByer BO3MOXKHOCTD peEIlICHHsT pa3pexeHHbIX cucteM. Crenyromime
OuOIMOTEKN 00ECIeUunBAIOT JIMHEWHO-aNre0panveckyr0 (QYHKIMOHAILHOCTD JUIS  pa3peKeHHBIX
MaTpuL, BKJIIOUYasl PELIEHUE CUCTEM JIMHENHBIX YpaBHEHUI:

e Scipy Sparse linear algebra

e PySparse

(O6a nakera ncnonb3yrT SuperLU u umfpack B kauecTBe npsIMBIX peliaTesci. )

PyMesh - comepsxut urTepdeticsr mus SparseLU, SparseQR, SuperLU, umfpack u PARDISO
https://bitbucket.org/petsc/petscapy/src/master/ - comepxut uHTEpEHCH I BCEX MPSIMBIX
pemmatenei, koropsie nmoanepxkuaer PETSc, MUMPS, PARDISO u npyrue
B neiicTBUTENBHOCTH 3TOT CHUCOK UIMHHEE, IMOCKOIBKY MHOTHE B MHAWBUIYATHHOM TODPSIKE IS
CBOHX INPOEKTOB CAMOCTOATEILHO IMHUIIYT OOBS3KH HeoOXoauMbix permateneil. PYUSPARS B manHOM
PAAY BBIIEISCTCS MPOM3BOMUTEILHOCTRIO Ha (DOHE MpsAMBIX pemaTtenell u3 Scipy u PySparse, u
npocToToii nHTep(deiica B cpaBHeHnn ¢ PyMesh u petscdpy.

C.5. ITaker PyUSPARS

C.5.1. Vinpopmanus o nakere
ITaker moaaep>KUBaET YEThIpE TUIIA YKCEN C TJIaBaroIIel TOUKOn

C python

float numpy.float32
double numpy.float64
_Complex

float numpy.complex64
_Complex

double numpy.complex128

UroObl n30exaTh NMPUBEIACHUS THIIOB M, KAaK CJIEACTBUE, KOMMPOBAaHUS MATPULl M BEKTOPOB, THUIIBI
3JIEMEHTOB MaTpULIbl W IpaBoil uyacTu NOMkHBI coBmazate. PyUSPARS mnpenocraBnsier meronsl,
COBMeECTUMBIE ¢ OnbnuoTeKol scipy.sparse.linalg — nonp3oBaTenu moryt 3amenuTh Ha USPARS cBon
paspeXeHHbIe pelaTend, WMIOPTUpoBaB Apyrylo Oubmmoreky. Ilommmo storo, B PyUSPARS
MPUCYTCTBYET TIIOJHOLICHHAs OOBSI3Ka IOJ BECh I0JIB30BATENBCKUI (QyHKIHOHAN C-Ombiamorexu
USPARS.

C.5.2. YcraHoBka

CucreMmHebIe Tpe60BaHI/I$II

Linux: Ubuntu 20.04+ (;mmbo Redhat 8.3+)
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Windows: Windows 10 u Bhmue
Python 3.7

Hnst co3gaHus M30MUpOBaHHOW python-cpensl HEOOXOAMMO CKadaThb M 3allyCTUTh YCTAHOBOYHBIN
CKpHIIT

$ wget https://repo.anaconda.com/miniconda/Miniconda3-py37 4.12.0-Linux-x86_ 64.sh
$ bash Miniconda3-py37 4.12.0-Linux-x86 64.sh

ucnonb3yrommii Miniconda. Ilocne ycTaHOBKH cliefyeT cO34aTh HOBOE OKPYXKEHHUE C TpeOyeMbIMU
3aBHUCHUMOCTSAMH, JOXKJIATHCSl X CKaUWBAaHHUA, M aKTUBUPOBATDH €r0

$ conda create -n usp python=3.7 pip
$ conda activate usp

Teneps naker PyUspars Mmosker ObITh ycTanoBiieH B Python koman o

$ pip install pyuspars package-1.0.6-py3-none-any.whl

3ameuanne D.1.1 Ecau Ha amane umnopma consepa

$ python3

>>> from pyuspars package. solver import PyUspars
oubuomexa Mkl oxazvieaemes nedocmynnoi

OSError: libmkl intel 1p64.so: cannot open shared object file:
No such file or directory,

Mo coOOmeemcmesyIowyio nanky Heooxooumo epyunyio oobasums ¢ LD _LIBRARY PATH. Hanpumep,
ecnu

npu ycmanoske Miniconda ycmanogounas Oupekmopus He USMEHANACb, 0OHOBUMb NEPEeMEHHYIO
OKDYIICEHUSL MOJICHO Clledyroueli KOMAHOOU

$ export LD LIBRARY PATH=$LD LIBRARY PATH:~/miniconda3/envs/usp/lib/

C.5.3. VMimnopt

NmmnopTupyercs ycTaHOBIEHHBIN TTaKeT cTaHAApTHBIM it Python obpazom
>>>import pyuspars_package

C.5.4. Tlepeuncasiemble TUIIBI AQaHHBIX
Bce nepeuncnsembie tTunbl qaHabix USPARS onpenenenst B pasaene 1.3 (cm Tabmuner 1.1, 1.2, 1.3).

Honst
tuna usp factorize type, npucyrcrByromero B C-untepdeiicax USPARS, ananorom sisercs
FACTORIZE TYPE. IMnoprupyercst oHa CIeoyIOIUM 00pa3oM

>>> from pyuspars package.solver import FACTORIZE TYPE

B o6Bs3ke usp scalar type HEOOXOAUMOCTU HET, CKAJIPHBIA TuUl Oepercd U3 3anaBaeMoi
MaTpuisl. Bee aeMeHThl ciuckoB usp param data M usp opt mepeBeneHsl B data descriptors.

C.o6. SciPy-mnrepdericer PyUSPARS

spsolve (A, b)

Pedepentnas pynknus - scipy.sparse.linalg.spsolve.

Pemenne cucrembl ¢ mpaBoil uyacTero. llpum BbeBOBe 3TOro Meroma Oyner mnpumeHena LU-
(dakTopuzaumsi Uil pEUIeHUsT CUCTeM C MaTpuued koddduuuentoB odbmero Buaa, LDLT-
¢dakropuzauus A cUMMETpuuHBIX Matpul, u LDLH — mns spmurtoBeix. Ha cropone o00Bs3ku
KOHTponupyercs mnosiBieHue ommOku. [lpum ee mosiBieHum  Oyner  3amylmieH  METOJ
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uspars_param get Juid monydeHus pacmmpenHoro kona. Co croponst USPARS OyzneT BblgaHO
coo0IIeHHE TIO THITY:

Error in uspars fact: Zero pivot has been appeared during factorization process

a CO CTOPOHBI OOBSI3KM OyJeT BbIIAaH RuntimeError C YKa3aHHEM KoJa OMHMOKH, HAITPUMEP:

Traceback (most recent call last):
File .stdin> line 1, in <module>
RuntimeError: Calculation failed. USPARS error code - 402

>>> from pyuspars package.scipy import spsolve
>>> x = spsolve (A, Db)

factorized (a)

Pedepentnas pynxuus - scipy.sparse.linalg.factorized.

Bosepamaer QyHKIMIO, /ISl pEIICHUs] CHCTEMBI JIMHEHHBIX ypaBHEHHH ¢ ()aKTOPU30BAHHON MaTpHIIEH
K03 pUIIMEeHTOB U 3a/1aHHBIM BEKTOPOM NpaBoi yacTu. OHa MOXKET OBITh HCIOIB30BaHA MHOT'OKPATHO
JUISl IpYTUX MPaBbIX yacTeil.

>>> from pyuspars package.scipy import factorized
>>> solve = factorized(A)
>>> x = solve (B)

C.7. O0Bs13ka C-010aMMOTEK
B 5TOM paszgene ONMCBIBAIOTCA METOMABI, KOTOPHIE IMO3BOJSIOT MCHONL30BaTh B Python Bech
dhyHKIIHOHAT

USPARS (cp. ¢ D.2).

C.7.1. Tlepeaaua 3HaueHNI1 MaccyBa options

B makere PyUSPARS npexycMmoTpeHa BO3MOXKHOCTh 3aaHusl options (cM. 2.2) A nepenadu ux
3aavennit B C-dpyakmun USPARS. st 3Tux meneil ucnonb3yroTes NecKpunTopbl. Kaxapii u3 HUX
AMEET THI int.

[Ipumep 3amaHus HyJIEBOTO YPOBHS ‘TOBOPJIMBOCTH W BKIIOUEHHS WTEPAMOHHOTO YTOYHEHHUS C
orpannyenneM 10 dncia nutepanuii MpuBeIeH B CICAYIONIEM JTUCTHHTE.

>>> from pyuspars package.solver import PyUspars
>>> tt = PyUspars/()

>>> tt.msglvl = 0

>>> tt.iter ref = 10

ITonHBIA CIHCOK NECKPUIITOPOB, HUCIONb3YEMbIX IS NEpeaadyd 3HAYCHUN OMIMM, UX IOMYCTUMBIE
3HAYEHHS W 3HA4YEHUsS Mo yMomdyanuro npuBeneHsl B Tabmune D.1. [lompoOroe omucanue 3¢ dexros,
JOCTUraeMBbIX 3a CYET BKIIOYEHHS TeX WM HHBIX ONUUH, CM B pazzene 2.2 U B ONHCAHUAX
COOTBETCTBYIOILMX NPHUEMOB. 3aMETHUM, €CIM Ul KaKOro-TO JECKPUITOpa 3aJaTh 3HAYCHHE, HE
BXOAALIEr0 B CIIMCOK JOMYCTHUMBIX, TO 3TO BBI30OBET MEPEKIIOYEHHE 3HAUEHHS ACCKPHUITOpPa B
3Ha4YeHHUE M0 YMOIYAHHUIO.

C.7.2. Pemenne AMHEMHBIX CICTEM
_dnit ()

Co3ganmne oObekta PyUspars. Haummmammzanms USPARS, BHyTpu ce0si BBI3BIBAET METON
uspars_alloc (cm. 2.1). Ilpu ynaneHun oOBEKTa aBTOMATHYECKH BBI3BIBAETCS JIECTPYKTOP
uspars destroy (em. 2.7).

>>> from pyuspars package.solver import PyUspars
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>>> tt = PyUspars()

BHaYeHMue nemncTeue
0 HyneBoe norupoBanue
tt.msglvl 1 OtoOpakeHHe TeKyIero craTyca (hakTopu3aluy B IIPOLEHTaX
2 [TonHoe JorupoBanue
: 0 He ncrions3oBath GanaHCUPOBKY
tt.scaling
1 Hcnonp3oBaTh OalaHCUPOBKY
0 He ncnionp3oBath matching
Hcnonp3oBath  matching ¢ MakcuMmuzanuell  MHHAMAJIBHOIO
1 JIaroHaJIBHOTO 3JIEMEHTa
tt.matching Ucnonp3oBath  matching ¢ MakcuMu3anpiedl  IpOW3BENEHHS
2 JIarOHaJIBHBIX JIEMEHTOB
Hcnonp3oBaTh  matching ¢ MakcuUMu3alMedl  IpOW3BENEHHS
3 JIMarOHaJIbHBIX DJIEMEHTOB M 0aJaHCHPOBKOW MaTpPHUIIBI
He ucrionp30BaTh mepecTaHOBKU CTPOK M CTOJOIOB MATPHUIBI C LENBIO
0 yMeHbIIeHUs (P PeKTa 3aroTHEHUsI B TPEYTOJIbHBIX (akTopax
Hcnonb3oBath Atlant [u1s mepecTaHOBOK CTPOK M CTOJNOIIOB MaTPHIIBI C
1 HEJbI0 YMEHBLICHUsI (P QEeKTa 3aI0JTHEHHUS B TPEYTOJIBHBIX (PaKTopax
tt.rtype Hcnonb3oBaTh Metis 1 IepecTaHOBOK CTPOK M CTOJIOI[OB MaTPHUIBI C
2 LEJbI0 YMEHbBILICHUsI (P QEeKTa 3a0THEHUs B TPEYTOJIbHBIX (aKTopax
Vcronp30BaTh BHEIIHHA BEKTOP IEPECTAHOBOK CTPOK M CTOJIOIIOB
MaTpHILBI C LENbI0 YMEHbIIeHU (P (peKTa 3aN0NHEHUS B TPEYroJbHBIX
3 ¢akTopax (cMm npumep D.4.2)
ttiter ref 0 He ucnonb30BaTh UTEPAIIMOHHOE YTOUHEHHUE
- >0 OrpaHuyeHue Ynciia UTepalii UTEPAIHOHHOT0 YTOYHEHUS
. 1 IIpocteie utepaumu
tt.type_iter 3 BiCGStab
0 He ucnonb3oBaTh JUaroHaNIbHYIO TOLIEPKKY
Hcnonb30BaTh AMATOHANBHYIO HOAIEPHKKY € 8pp0sr = 1071° u mByms
tt.boosting 1 UTEPANUSIMA YTOTHCHHSI
Hcnonb30BaTh JUATOHAIBHYK HOIIEPKKY C  Opppsr = 1078 u
2 YETBIPbMsI UTEPALMAMH YTOUHEHHS
: 0 He ucnonb3oBaTh r1o6aibHbIE IEPECTAHOBKU
tt.global_pivot
1 Hcnonp3oBath 1700abHBIE IEPECTAHOBKU
0 Pemenuem sBnsieTcss MaccuB, OJTYYEHHBIN HA MOCIEIHEN UTEpALUU
tt.brx Pemennem  sABIsleTcs  MaccuB, IIONY4EHHbIH Ha HUTepaluud ¢
1 HaUMEHbIIEH HeBSI3KON

init(self, matrix, [ftype, options])

Cranus uHAHAIH3anIA (cM. 2.2).

B ornmmumm ot C-merona, 3meck Matpuia nepegaercs B Scipy CSR ¢opmare. Pazmep Matpunbl 1 Tam
JaHHBIX OepyTcs HemocpencTBeHHO u3 matrix. Ilapamerp ftype 3mech onmuoHaneH - 1o
YMOJYaHUIO B KadecTBe THIa (pakTopuzanuu Oyzaer BeiOpana LU.

>>> import numpy as np

>>> from pyuspars package.solver import FACTORIZE TYPE as ftype
>>> tt.rtype = 1

>>> tt.init (A, ftype.LDLH)

fact (self)
Craaus daxropuzanuu (cM. 2.3).
31ech cUTHATYpa MeToa MPaKTUIecKH He oTndaercs ot C

>>> tt.fact ()
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solve (self,b)

Cranus pemenus (cum. 2.4).

Umncno mpaBbIX YacTed W THN JAaHHBIX CUMTHIBAIOTCS W3 b. AprymeHT 3amaercs B (opmare
numpy.array (Jinbo numpy.matrix B BUAE BEKTOP-CTONOLA) Al ONHOW MpaBoOil yacTH, U B dopmare
numpy.matrix it MHO)KECTBEHHBIX MPaBBIX YaCTeH.

>>> tt.solve (b)

C.7.3. Peaamsanmns cepsuca
@ynkuuM uspars param set () M uspars_ param get () makera USPARS cmyxar mns
obecriedeHyst 10CTyIa/peJakTHpOBaHus HEKOTOphIX nojei USP-cTpykTypsl (cM.2.5, 2.6). CpenctBom
penakrupoBanusi B PYUSPARS city:xuT MCIIONIb30BaHUE JIECKPUIITOPOB JIAHHBIX, CITUCOK MPHUBEICH B
Tabmune D.2. Hampumep, ans 3ajaHus BEIMYMHBI [apamMeTpa MaJIOCTH IPU HCHOJIb30BAHHH
JIMaroHaJbHOM MOJJIEPKKHU:

>>> tt.boosting value = le-9

Tab6muna D.2: Tabnua neckpunTopoB MaHHbIX IS Mepenaur 3Hadenuii mapamMerpos B USPARS

BEIIIECTBEHHOE
MOJIOKUTEIBHOE ITapamerp ’MajocTH’ TpPH OCYIIECTBICHUH
tt.boosting value YHCIIO JuaroHanbHoi noepkku C.3.1.
BelleCTBEeHHOe
TIOJIOXUTEeIbHOEe HapaMeTp ’MaJIoCTH’ Ipu  OCYIIECTBJICHUU
tt.gp eps YKUCIIO JnmaroHayibHOM nogaepxku C.3.2.
BELIECTBEHHOE Kpurepuif 0OCTaHOBKM 1O OTHOCHTEIHHOM
TOJNIOXKHUTENBHOE HOpME HEBSI3KH npu UCIIOJIb30BaHUN
tt.iter stop crit qHCJIO UTEpaloHHOro yrounenus C.2
Ilonb30BaTenbCKUN BEKTOP IMEPECTAHOBKU IS
IlenouncieHHslit IIPUMEHEHHUS B C-mrHoit hyHKIN
tt.perm vector MAacCCHUB uspars_init ()

B mpormecce BBIYHCIEHNIT HEKOTOPBIE M3 JIECKPUIITOPOB IAHHBIX H3MEHSIOTCA. COOTBETCTBYIOIINE
3HAYEHHS] MOXXHO WM3BJIe€dYb. Hampumep, 94TOOBI M3BIIEYh YHCIO HEHYJEBHIX dJeMEeHTOB B L-(akrtope,
WCIIONB3yeTcs KOMaH/1a

>>> nnzl = tt.nnzl

OTO YHCIO CTAHOBUTCS HM3BECTHBIM mocie (a3bl MHUIMANM3AUUK. J(OCTYHHbBIE Al W3BICYEHHUSA
JECKPUTITOPHI JaHHBIX ¢cM B Tabmume D.3.

Ta6muma D.3: Tabauia 1ecKpunTopoB JaHHBIX I YTEHHUs

tt.boosting value BCIIIECTBEHHOC Ilapamerp ’MajocTH’ IIpU  OCYILECTBIICHUH
TOJI0KUTEIBHOE JaronanbpHon moxaepxkku C.3.1.
YHCIIO
tt.gp_eps BEIIIECTBEHHOE [Mapamerp ’masocTH’ TIpH  OCYIIECTBIICHHH
MOJIOKUTETHHOE rI100anbHbIX mepectaHoBok C.3.2
YHCIIO
tt.iter stop crit BELLECTBEHHOE Kputepnii ocTaHOBKM 10 OTHOCUTEIBHOM HOpME
TIOJIOKUTETBHOE HEBS3KM TIPH HCIIOIBb30BAHUN HTEPAIIOHHOTO
YHCII0 yrounenus C.2
tt.perm vector Henouncnennsit Ilonp3oBaTenbckuii BEKTOP MNEPECTAHOBKH IS
MacCUB MPUMEHEHUS B C-HOM ¢yHKIMN
uspars init ()
tt.nnzl Lenoe uncno ITocne 3aBEpIICHUS pabotsI ¢byHKIMH
uspars_init () YHCIIO0 HEHYJICBBIX
anemeHToB B L-pakrope.
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C.7.4. PacmmpeHHBIN (PyHKIIMOHAA

calc_residual norm(self)

HOHC‘ICT OTHOCUTEIHHON HOPMBI HCBﬂ3KHl
>>> value=tt.calc residual norm()

calc_norm error (self, x)

IToncuer OTHOCUTENBHON HOPMBI IIOIPEIIHOCTH 110 3aJaHHOMY BEKTOPY TOYHOT'O pCHICHHH2
>>> value=tt.calc norm error (X exact)

calc_op criterion(self)

[Toxcuer xputepust O3rau-Ilparepa 11 OlEHKH YCTOMYHMBOCTH TOTYYEHHOTO PEIICHHS
>>>value=tt.calc op criterion()

get permuted matrix(self)
Bo3sBpaimaer ncxoHy0 MaTpUILy IMOCHE MPUMEHEHUS K HEl MepecTaHOBOK CTPOK U CTOJIOIOB. MOXKeT

OBITH BBI3BAHA [IOCJIE CTAAUN UHULIMATN3ALAN
>>> A perm=tt.get permuted matrix()

cond (matrix, k,q)
Yucio 0O0YCIIOBIEHHOCTH MAaTpHUIlbl (omeparopa), ACHCTBYIOIICH B EBKIMIOBBIX IIPOCTPAHCTBAX,
OMpEIENAETCS KaK OTHOILIEHUE €€ CTapIlIero U MJIaIIero CUHTYISPHBIX YHUCE].

Gmax (A)
OhUn(A)
QyHKINS MPENOCTaBIsAeT OLEHKY Yrcia 00yCIOBIEHHOCTH MaTpuilbl. [lapamerpsl: k — KOJIHYECTBO
OLIEHWBAEMBIX CTApIIMX W MIAIIINX CHHTYISPHBIX ducen, ( — uucio urepanuid. Co CTOPOHBI
USPARS 6yayr dakropuszosanbl 2 Marpuipl (A u AT), a Taxke 2*q pas pemeHsl cUcTeMbl ¢ k
MPaBBIMU YACTSIMH. Y BETMYUBAs 3HAUCHHS TUX NIAPAMETPOB MOXKHO JOOUTHCS yIyUIIEHUS TOYHOCTH
pacdera ¢ OIHOBPEMEHHBIM yBEeITMUYEHNEM BPEMEHH BBIYHCICHUH.

>>> from pyuspars package.tools import cond
>>> cond number = cond(A, k=5, g=20)

C.8. IIpumepnr

C.8.1. Vcnoan3oBaHne numpy/scipy naTrepdeiicos

CuuntsiBanue matpun MatrixMarket
>>> from scipy.io import mmread
>>> A mm = mmread("matrix.mtx").tocsr()

IlepeBon niioTHoit marpuubl B CSR dopmar

>>> import numpy as np

>>> from scipy import sparse

>> A d=[[l6., =2, O, O}, (O, 4., O, O], [O, O, O, 5.1, [0, O, 1., O]]
>>> A = sparse.csr matrix (A d)

Py4Hoe npuBegenne Tuna

>>> import numpy as np

>>> from scipy import sparse

>>Ad=[[l6., -2, O, O}, (O, 4., O, O], [O, O, O, 5.], [0, O, 1., O]]
>>> b = np.array([1l, 1, 1, 1], dtype=np.complexl128)

>>> A sparse.csr matrix (A d, dtype=np.complexl28)

1 OTHOCHTENBHBIX HOPM HEBSA30K B CIIy4ae MHOTHX MPaBBIX 4acTel
2 OTHOCUTENBHBIX HOPM MOTPELIHOCTEH B CIIydae MHOTUX MPAaBbIX YacTel, M, COOTBETCTBEHHO, MHOTHX BEKTOPOB
pelieHui
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Pemenue uepe3s spsolve

>>> from scipy.io import mmread

>>> import numpy as np

>>> from pyuspars_ package.scipy import spsolve
>>> A = mmread ("matrix.mtx") .tocsr ()

>>> x exact = np.full (A.shape[0], 1)

>>> b = A*x exact

>>> x = spsolve (A, Db)

Pemenue uepes factorized

>>> from scipy.io import mmread

>>> import numpy as np

>>> from pyuspars package.scipy import factorized
>>> A = mmread ("matrix.mtx") .tocsr ()

>>> x exact = np.full(A.shape[0], 1)

>>> b = A*x exact

>>> solve=factorized(A)

>>> x = solve (b)

C.8.2. Vicnoansosanne USPARS nHTepdeiicos

Cneny}omaﬂ 3aroToBKa €arHa JJIs BCEX 3aITyCKOB

>>> from pyuspars package.solver import PyUspars

>>> from pyuspars package.solver import FACTORIZE TYPE as ftype
>>> from scipy.io import

mmread

>>> import numpy as np

>>> A = mmread ("matrix.mtx") .tocsr ()
>>> x exact = np.full(A.shape[0], 1)
>>> b = A*x exact

B Heli:

(1, 2) nmmoptupyercs USPARS;

(3, 4) ummopTHupyeTcss MeTOoA ISl CYUTHIBAHHS MaTpHUIBl B mtx (opmaTe W OMOTHMOTEKY numpy,
KOTOpasi HCIIONB3YeTcs U1 paboThI C IIIOTHBIMUA BEKTOPaMHU;

(5) cunteiBaercs matpuna u nepepoautcs B CSR dopmar;

(6) cozmaercs BEKTOp TOYHOTO PEIICHUS, COCTOSIINK M3 SIUHHII,

(7) ymHOXaeTcs MaTpHIIa Ha BEKTOP M CO3/IaeTCs MpaBasi 9acTh CHCTEMBI JINTHEHHBIX YpaBHEHUH.

CTaHAapTHBII 3aNyCK peleHust

>>> tt = PyUspars|()

>>> tt.init (A, ftype.LU)
>>> tt.fact()

>>> x = tt.solve (b)

Pemienue ¢ moJIHbIM JIOTUPOBAHMEM H OYCTHHIOM
>>> tt.boosting = 2

>>> tt.msglvl = 2

>>> tt = PyUspars()

>>> tt.init (A, ftype.LU)
>>> tt.fact ()

>>> x= tt.solve (b)

Pemienue ¢ BHEIHUM BEKTOPOM MEPECTAHOBOK

>>> perm = list(range (A.shape[0] - 1, -1, -1)) #3amaeM BeKTOp [IePeCTaHOBOK
>>> tt = PyUspars ()

>>> tt.rtype = 2

>>> tt.perm vector = perm #llepegaemM ero B USPARS
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>>> tt.init (A, ftype.LU)
>>> tt.fact ()
>>> x = tt.solve (b)

3aganne KpUTEPUsi OCTAHOBKM MTEPAIMOHHOIO MpoLecca

>>> tt = PyUspars ()

>>> tt.iter ref = 2

>>> tt.iter stop crit = le-12
>>> tt.init (A, ftype.LU)

>>> tt.fact()

>>> x = solve (b)

Bmyannmunﬂ nmoprTpera paspemeﬂﬂoifl MaTpulbl MOCJIEC MEPECTAHOBOK

Cwm. paznmen 1.2.

>>> import matplotlib.pylab as plt
>>> tt = PyUspars ()

>>> tt.init (A)

>>> plt.spy(tt.get permuted matrix())

Boirpyska 3nadenusi nnzl

>>> tt = PyUspars ()
>>> tt.init (A)
>>> print (tt.nnzl)

Pacuer MOTrPEeIIHOCTH U HEBA3ZKHU

>>> tt = PyUspars ()

>>> tt.init (A, ftype.LU)

>>> tt.fact ()

>>> x = tt.solve (b)

>>> print ("discrepancy =", tt.calc norm discrepancy())
>>> print ("error =", tt.calc norm error (x exact))
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D. Ilepexoa ¢ MKL PARDISO ua USPARS

Hanneiii pasgen mpusBaH ynpoctuTh nonb3oBaTemsiMm MKL PARDISO mepexox ¢ Hero Ha
USPARS. 3nece Oynmyr omucaHbl OCOOCHHOCTH 3aJaHHS MATpPUIl, TOCTaBJICHHI B COOTBETCTBHUE
napaMerpbl 000MX pelatenci, a Takke JaHbl HEKOTOPBIE COBETHI MO HCIONb30BaHUIO. [lockombKy
USPARS ne umeer FORTRAN-unTepdeiicoB, a PARDISO ue umeer Python-untepdeiicos (cm. D), B
pasnene Oyzaer onucansl mpuMepsl Ha C. UnTepdeticet MKL PARDISO cooTBercTBYIOT Bepcuu U3

Intel® oneAPI Math Kernel Library for C 2023.1

D.1. VnaTepdeiice 3amycka 1 CTagy pereHs

B USPARS, xak u B PARDISO, mporecc BBIYHCIEHHSI COCTOMT M3 TpeX CTaaAud —
WHUNHanM3anus, Qakropuzanuss U pemieHne. OCHOBHBIE OTIHYHUS 3aKIIOYAIOTCS B 3aJaHUU
MapaMeTpoB M0 YMOJIYaHUIo, a Takke B orcyrctBud B USPARS BO3MOXHOCTH pa3jieneHus CTaIuu
pelleHns Ha TPU — IPSIMOH, THarOHANBHBIA U 00paTHBIH 00XO/I.

D.1.1. Broigeaenue mnamsATH 1104 CTPYKTYypy, 3ajaHue IlapaMeTpoB IIO

YMOAYaHUIO
B PARDISO ¢ynkius pardisoinit (..) MO3BOJSET BBIACAUTh NaMATh I10J BHYTPEHHIOKO
CTPYKTYpY pt, 3aJaTh THII MaTpHIBl M 3allOJHUTh MACCHB MapaMeTPOB iparm 3HAYEHHSIMH II0
ymomgyanuto. B USPARS st storo ucnonesyercst ¢yHkius uspars alloc (..), a mapamerpsl
MaccuBa options BPyYHYIO 3alONHSAIOTCS 3HAYCHHSIMH, paBHbIMHI -1 (cM. 2.1).

PARDISO:
void *pt[64];
MKL INT iparm[64];
MKL INT mtype;
pardisoinit (pt, &mtype, iparm);

USPARS:
void *tt = NULL;
int options[USP_OPTIONS];
for (int i = 0; 1 < USP_OPTIONS; i++4)
options[i] = -1;
uspars_alloc (&tt);

D.1.2. 3anyck ctaguii pereHms
PARDISO umeer enunbslii uHTepdeiic s 3amycka Bcex cTamuil pemeHus — pardiso (..). s
BbIOOpa craauu ucrnonb3yercs apryment phase. B USPARS jxe OHU MMEIOT pa3invHbIe Ha3BaHHS —
uspars init(..), uspars fact(..), usparse solve (..) (cm. 2.2, 2.3, 2.4).

Hwmxe npoBeneHbl COOTBETCTBUSI MEXAY apryMeHTamMu (QYHKIMM pardiso (..) W mapamerpaMmu
USPARS:

void pardiso( MKL DSS HANDLE t pt, const MKL INT “*maxfct, const
MKL INT *mnum, const MKL INT *mtype, const MKL INT *phase, const
MKL INT *n, const void *a, const MKL INT *ia, const MKL INT *ja,
MKL INT *perm, const MKL INT *nrhs, MKL INT *iparm, const MKL INT
*msglvl, void *b, void *x, MKL INT *error);
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pt — BHYTpPEHHSIA CTPYKTypa. 3anaerc;1 AHAJIOTUYHO, ABJIACTCA apryMEHTOM BCEX q)yHKIII/Iﬁ B
USPARS.

maxfct, mnum — He mMmeroT a”amora B USPARS. MoxHo cumraTh, uro maxfct=1,
mnum=1.

mtype — TUO MaTpullpl, onpenensier Tun ¢akropusauuu. B USPARS ananorom siBisercs
usp_ factorize type (mompobHee CM. 2.2). SABnsercs apryMeHTOM
uspars_init (..).

phase — cragus pemenus. B USPARS s3ToT aprymeHT OTCyTCTBYeT, MOCKONBKY CTaus
peleHus ONpeAesieTcsl Ha3BaHueM (PYHKIHH.

phase Dynxyus USPARS

11 uspars init(..)

22 uspars fact (..)

33 uspars_ solve (..)

n — uucino HewsBecTHbIX. B USPARS 3amaercst aHajIOruyHO, SIBJISCTCS apryMEHTOM
uspars_init (..) (cm. 2.2).

a, 1a, ja — marpura B CSR ¢opmare. B USPARS 3amaercst amamormuro (cm. 1.1),
SBIISIETCS apTYMEHTOM uspars init (..) (cm. 2.2).

perm — BEeKTOp MePEeCTAHOBOK, MOXKET OBITh MCIIOJIB30BAH ISl 3aIaHHsSI TI0JIb30BATEIbCKOM,
00 /1Sl oTydeHusl BbrurcieHHo nepecranoBkr. B USPARS 3a nonyuenue nadopMmaimy,
MOJIy4E€HHOM B XOJI€ BBIYMCIIEHHs, OTBeYaeT QyHKIUS uspars param get (..) (cMm. 2.5),a
3a YCTaHOBKY TIapaMeTpOB, OTJIWYHBIX OT IIeJIOYMCICHHBIX, OTBeYaeT (PyHKIUA
uspars param set (..) (cM. 2.6). boree moapoOHO 0 3aJaHUM M MONYYEHUH BEKTOpa
MepecTaHOBOK HamucaHo B pazjene E.3.

nrhs — 4yncio npaBbix yacteid. B USPARS 3amaercst aHaJOrHYHO, SBJISETCS apryMEHTOM
uspars_solve (..) (cm. 2.4).

iparm — napamerpsl pemareias. B USPARS 3amarorcst aHaIOrUu4yHO, SBISACTCS apryMEHTOM
uspars init(..). (cm. 2.2)

msglvl — ypoBenb JorupoBanus. B USPARS 3ToT mapaMerp He BBIACISETCS B OTICIbHBIH
apryMeHT, a sIBJIETCSA 4acThbl0 MaccuBa options — options|[US P_MSGLVL]. ITomumo
BKJTFOUCHUSI U BBIKJIFOUEHHUS JIOTHPOBAHMUS, IPUCYTCTBYET MPOMEKYTOUHBIH BapuaHT. (cM. 2.2)
b, x —npaBas yactb u pemrenue cucremsl. B PARDISO pemienre MOKeT Kak 3aMEHSITh, TaK
U He 3aMeHATh mpaByto dYacTh. B USPARS mpaBas 4YacTe SBISETCS apryMEHTOM
uspars_solve (..) U B X0Je BBIYHCICHHI BCeria 3aMensiercs (cM. 2.4).

error — uamukarop ommOku. B USPARS sBnsercs komom Bo3Bpara BcexX (YHKIIHA.
[Tompobuee mpo BO3MOXKHBIE 3HAYEHUS HANFICAHO B Pa3Jielie C COOTBETCTBYIOMIEH ()YHKITUEH,
a X MHTEPIPETAINH B pa3fene 3.

OtnenpHOE 3aMeyaHHE IIPO HCIOJB30BaHKWE 64-OMTHBIX LENOYHMCICHHBIX HHTEp(eiicoB. B

PARDISO nns aToro BMecto GpyHKIuu pardiso (..) ucnonssyercsd pardiso 64 (..). BUSPARS

OTJINYMA 3aKIHOYal0TCA B CTaAUW WHUIMAIU3AallUHU, U JaHHOMY q)YHKI_II/IOHaJ'Iy COOTBETCTBYET METO/

uspars_init64(..) (cm.2.2).

D.2. dopmart MaTpULIBL U TUIL (paKTOPU3ALIUN

USPARS wumeer Tot ke criocod 3amganusi BxogaHow marpuibl, yto u MKL PARDISO — Sparse

CSR, IIpyu KOTOPOM MaTpHUIlbl 06]1[61"0 BUJa 3aJat0TCA CTAHAAPTHBIM 06p330M, a CUMMCTPUYHBIC U

SPMUTOBBI — BepxHerpeyrosbHeiM (cM. 1.1.2). [lpyrumm cioBamu, MaccuBel a, ia, Ja,
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nepenaBaemble B QpyHKIHMIO pardiso (..), MOTYT OBITH IepenaHbl B TOM K€ BHIAE U B (YHKIHUIO

uspars_init(..) (cm. 2.2).

Otinums 3akimoyaroTcs B 3aganuu TunoB (akropuzanuu. B PARDISO 4yepe3 mapamerp mtype
YKa3bIBaeTCA BXOJHOW THUI MATPUIbl, W HUCXONd U3 3TOW WHGOPMAIMKM pellaTellb BBIOMpaeT
¢daxropuszanuio. B USPARS ske Tun ¢akTopusaiiuu 3aaaercs Hanpsmyo (cM. 2.2). Huxke npuseaeHo
COOTBETCTBHE MEK/y TUIIOM MaTpullbl, ero mtype B PARDISO u mapamerpamu B USPARS ¢ yuerom
CKaJISIPHOro THIa MaTpuibl (cM. Tabmuiy 1.3.1)

PARDISO USPARS
Tun mampuyyl mtype | iparm[27] | usp factorize type | usp scalar type
- USP DOUBLE
BemectBeHHas, CTPYKTYpHO 1 0 USP LU .
CUMMETpUYHAs 1 - USP FLOAT
BemectBennas, 0 USP_DOUBLE
CUMMeTpHUYHas, 2 USP_LLT
TOJI0KUTENLHO-ONP e IENIEHHAsT 1 USP_FLOAT
P DOUBLE
Berectsennas, 2 0 USP LDLT Us ou
CUMMETpUYHAs 1 - USP FLOAT
KommiekcHas,  CTpyKTypHO- 3 0 USP .U USP COMPLEX DOUBLE
CUMMeTpHUYHAs 1 — USP COMPLEX FLOAT
KommnnekcHas, 9PMHUTOBA, 4 0 USP LLH USP COMPLEX DOUBLE
TOJI0KUTCIBHO-ONPEICICHHAS 1 - USP COMPLEX FLOAT
0 USP COMPLEX DOUBLE
- USP LDLH
KommnnekcHast, s3pMuToBa 4 1 B USP COMPLEX FLOAT
0 USP COMPLEX DOUBLE
USP LDLT
KomnnekcHas, cummerpuuHas | 6 1 B USP COMPLEX FLOAT
0 USP DOUBLE
USP LU
BemecrBennas, oomero suga | 11 1 B USP FLOAT
0 USP COMPLEX DOUBLE
USP LU — —
KomiutekcHas, o01ero suaa 13 1 B USP COMPLEX FLOAT
D.3. ITapameTpsl pemareaen

PARDISO mo3Bomnsier ympaBisITh mapameTrpamu pemiatens depe3 maccuB iparm. B USPARS
ITOT MaccUB HasbpiBaeTcsi options (cM. 2.2). JIOMOJHUTENBHO BEIIECTBEHHBIMH IMapaMeTpamu
MOKHO YIpPAaBJIATh C HOMOIIBIO Uspars param get (..) (cM. 2.5) m uspars param set (..)
(cm. 2.6). TlapameTphl COMOCTABIISIFOTCS CIIEMYIOIIAM 00pa3oM:

e iparm[0]. Ucnonp3oBaHue napaMeTpoB M0 YMOIYAHUIO.
s ucronbp3oBaHus Becex napamerpos 1o ymondanuio B USPARS HeoOxoanMo nprucBonuTh
BceM napamMerpam options 3nauyenue -1. Ilpu sTom m060ii BEIOOPOUHBIH MapamMeTp
options MoXeT ObITh HCIIOIB30BAH 110 YMOITYaHUIO, €CIIM IPUCBOUTH €My 3HaueHue -1.

e iparm[1]. IlepeynopsnodunBanue MaTpUIBL
B USPARS 3a 310 oTBeuaer napamerp options [USP RTYPE]. X 3Hau€HUs COOTHOCSTCS
CIIEAYIOIIM 00pa3oM

3HaueHue Haznauenue 3HaucHne

iparm[1] options [USP RTYPE]
0 AJTOPUTM YIIOpSAOYHBAHUS MAHUMAJIGHON CTETICHH | -

2 METIS 2
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3 Co0cTBEeHHBIN MapaJuIeNbHbIN anroput™ (cM. B.4) 1

- He ucnions3oBath BCKTOP MCPECTAHOBOK

o

CM. Ilonp30BaTenbCKuin BCKTOP MEPECTAHOBOK 3

iparm[4]

iparm[3]. [IpenobycnaBnusarens miss CGS/CG.

B USPARS ¢yHkimonan oTcyTcTByerT.

iparm[4] . Ilapamerp, OTBeHArONIMIA 32 HA3HAYCHUE apTyMEeHTa perm QyHKIUHN

pardiso(..)
3HaueHue Ha3znauenue Ucnons3oBanne 8 USPARS Bpewmst Be130Ba
iparm([4]
0 - - -
1 Hcnonb3oBanue options [USP_RTYPE]=3, uspars_ param_set (..)
MOJIb30BATENBCKOIO | uspars param set (&tt, JIOJDKEH OBITh BBI3BAH MEXKIY
BEKTOpa USP_PERM VECTOR, uspars_alloc(..) u
IIEPECTAHOBOK perm) , rae perm — | uspars_init(..)
MOJTb30BaTENbCKUI BEKTOP
[IEPECTaHOBOK
2 ITonyuenue uspars_param get (&tt, uspars_param get (..)
BEKTOpa USP_PERM_VECTOR, perm) | momkeH OBITh BBI3BaH IOCTE
I1EPECTAHOBOK uspars_ init (..)

iparm[5] . 3anuch perieHus B OTICIBHBI MacCHB.

B USPARS perienre Bcera nuimercsi B MacCHB, COJEPIKAIIINiA IpaByro 4acth b, 4to

COOTBETCTBYET iparm[5]=1.

iparm[6].

Beixonnoi mapamerp. MIToroBoe uncio maroB UTEPALMOHHOIO YTOUHEHHS.

B USPARS Bc1o HH(pOPMALIHIO 0 X0/1€ BEIYUCICHHS MOXKHO MOJIYYUTh B PACIIMPECHHOM
JIOTMPOBaHuM IIpH options [USP MSGLVL]=2.

iparm[7].

MaxkcuManbHOE YHCIIO0 IIaroB HUTCPATUOHHOI'O YTOYHCHU .

B USPARS perymupyercs mapamerpoM options [USP_ITER REF] (oM. 2.2, C.2). IIpn
3HAYCHUH, PABHOM HYITIO, HTEPAIIMOHHOE YTOUYHEHHE He puMensiercs. Kpome 3toro, B

cilydae, €CIM CXOQUMOCTh Ipoliecca HEpaBHOMEPHA, 110 onuuu options [USP BRX]=1

MOXXHO UCIIOJIB30BaTh PEIICHUE, MOJTYUCHHOC Ha UTCpALIUH C HaMMEHbIIIEH HEBSI3KOM.

iparm[8].

B USPARS 5T1a BennuuHa SBIIIE€TCS BEIIECTBCHHOM, U 3aaCTCA Yepe3

Kputepuii cXxoaquMoCTH HTEPALIMOHHOIO MpoIiecca.

uspars param set (&tt, USP ITER STOP CRIT, value), rme value -
3HAYEHHE OTHOCUTENLHON HEBA3KH, IIPU KOTOPOM MTEPALMOHHBIM IPOLIECC OOBABIIAETCS

COLLIEIIINMCS.

iparm[9].

Bo3Mmymienne Manbix TMaroHaJIbHBIX 3JIEMEHTOB B TIpoliecce (pakTopu3aum.

B USPARS ananorom storo napamerpa siBisiercss options [USP BOOSTING] . Ilpu

3ToM OH, B omuinunu ot PARDISO, Biusier u Ha YKCII0 UTEPAIIMOHHBIX maros (cMm. 2.2, C.3.1).
Hanpsmyto ke U3MEHUTh BETUYMHY MATOCTH 3JIEMEHTOB MOXHO 4Yepes3

uspars param set (&tt,

USP BOOSTING VALUE,

value) .

Taxxe B8 USPARS nMmeercs ere oqun criocod n30aBiIeHUsI OT MAJIBIX JHATOHAIBHBIX

snementos (cm. C.3.2)

iparm[10], iparm[12]. Matching, 6anancupoBka MaTpuIibl

B PARDISO iparm[12] orBeuaer 3a Matching, a iparm[10] 3a 3aBHCSIIyIO OT Hee

OamancupoBky. B USPARS 3a 3T0 oTBewaer oxun mapamerp (cum. 2.2, B.3).

3HaueHne 3HaueHne Haznauenune 3HaueHne
iparm[10] iparm[12] options [USP MATCHING]
0 0 Matching 0

OTKJIIOYEH
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0 1 Matching 2
BKJIIFOUYCH

1 1 Matching 3
BKJTFOUCH

BMeECTe c
OaaHCHPOBKO#

Taxxe B USPARS moMHMO 3TOr0 MPUCYTCTBYIOT €IIIE U JAONOTHHUTEIbHAS He3aBHCUMAs
OanancupoBka (options [USP SCALING] =1, cMm. B.2), a Tak *e anbTepHaTUBHBIN
Matching (options [USP_MATCHING]=1).

iparm[11] . Pemenue conpssKEHHBIX CUCTEM.

B nanHo# Bepcuu (GyHKIIMOHAT OTCYTCTBYET, HAXOIUTCS B pa3paboTKe.

iparm[13], iparm[1l4], iparm[15], iparm[l6], iparm[1l7],
iparm[18], iparm[19]. BsixoaHble apameTpshl.

B USPARS Bcro nHpOpMaInio o xojie BEIYUCICHUS MOXKHO MOTYYUTh B PACIIHPEHHOM
JIOrMpOBaHuM IIpH options [USP MSGLVL]=2.

iparm[20]. 2x2 NUBOTUHT CHMMETPUIHBIX MATPHIL.

B USPARS 2x2 nuBotuHr peryaupyercs onuueil options [USP _BK]. CTOUT OTMETUTS,
yt0 B omyiuuu oT PARDISO, naHHast oniust He peryJimpyer UTepaliiOHHOE YTOYHEHHE.

3HaueHue Haznauenue 3nauenue options [USP_BK]
iparm[20]
0 1x1 nMBOTHHT + UTEPAIIOHHOE YTOUYHEHHE 0
1 1x1 wu 2X2 mnuBOTMHT + wuTepanuoHHoe | 1
YTOUHEHHE
2 1X1 nMBOTHHT 0
3 1x1 u 2X2 TUBOTHHT 1

iparm[21], iparm[22] . Beixoansie napamerpsl. [logcuer uncna
MOJIOKUTENTLHBIX/OTPUIIATEILHBIX COOCTBEHHBIX 3HAYCHUIH.

B USPARS naHHbIi (YHKIIHOHA OTCYTCTBYET.

iparm[23], iparm[24] . YnpaleHue napajijaenu3ainuei.

B USPARS BrIOOp KOHKpPETHBIX BHYTPEHHHIX aJITOPUTMOB TapauIeNn3aiy OIh30BATENIEM
He npexycMmotrpeH. Yncino OpenMP-niorokos, ncronszyembix USPARS, 3amaercs
napamerpom options|USP_OMP_THREADS] (cm. C.1). Eciau 3T0T mapamerp OCTaBJIeH
paBHBIM -1, HcTonb3yeTcs 3HaUeHue omp _get max_threads() Ha MOMEHT BBI30Ba
uspars_init?().

iparm[26] . IIpoBepka MaTpHLbl IEpE pELICHUEM.

USPARS mpoBoauT pasindHbie MpoBepku (cM. 3.2), yrpaBlieHHE UMH HE TIPEAYCMOTPEHO.
iparm([27] . OmuHapHAas/HBOIHAS TOYHOCTH.

Perynupyercs aprymentom pyHkuuu uspars init (..) . IlogpoOnee B pasmene E.2.
iparm[29]. BexomHoif mapamerp. Unciao oTpUIaTENFHBIX TUBOTOB MPH OMIHOKE -4.
USPARS B aHanmoru4Hoi CUTyaIluy BhIAAET OMHUOKY 6€3 JOMOIHUTENFHOW HH(OpMAITUH.
iparm[30]. YacTuuHOE pelICHHUE.

USPARS Bcerga HaxoauT MOTHOE PElIeHNe U JaHHBIN (PYHKIIMOHAT OTCYTCTBYET.
iparm[33]. Pexum CNR.

SBnsiercs paspabotkoii Intel, 8 USPARS orcyTcrByer.

iparm([34]. Wapaekcanus MacCMBOB MHAEKCOB CTPOK M CTOJIOIIOB.

B USPARS unaukanus HaunHaeTcs ¢ Hyiss. MOXHO CUMTaTh, 4To iparm[34]=1.
iparm[35]. Beinaua noas3oBartento nononHenus lypa.

B USPARS nons3oBarento gononnenue Llypa He Benaercs. Ecnu BbI siBIsieTech
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nonb3oBateneM USPARS u Bam He00X0AUM 3TOT (DYyHKIIMOHAI, CBSDKUTECH C
pa3paboTUMKaMu.

iparm[36]. ®opmaT UCXOIHOH MATPHIIbL

USPARS nognepxxuBaer Tonbko CSR dopmaTt. MokHO cuutaTh, uto iparm[36]=0.
iparm[38]. Low-Rank Update.

B USPARS nansblil GyHKIMOHAT OTCYTCTBYET.

iparm[42]. Bblgaua nonp30BaTeNo qUAroHaId 00OpaTHOW MaTPHIIBL

B USPARS nannas BO3MOXHOCTb ONpe/ieNnsercs yepes apryMeHT USP_D VECTOR (yHKIUH
uspars param get (..) (cM. 2.5)

iparm[55]. KouTpons Haa quaroHadbHBIMU 3JEMEHTAMHU

B USPARS naHHas BO3MOKHOCTB OTCYTCTBYeT. Ecnu BbI siBiisierech nonb3oBareiieM USPARS
Y BaM HEOOXOJIMM 3TOT (DYHKIIMOHAJ, CBSDKUTECH C Pa3paboTUYMKAMH.

iparm([59], iparm[62]. Pexum OOC.

B PARDISO BrizieisiemMast mojib30BaTelieM BeIMYMHA onepaTuBHOM mamsatu nogq OOC
OIIPEJIENAETCSA TIEPEMEHHON OKpYKeHHs MKL PARDISO OOC MAX CORE SIZE, Torza
kak B USPARS sta BenmurHa 3a/1a€Tcsl B ONIHSIX HAMPAMYIO. KOHTpob MEeX Ty
aBTOMaTU4YeCKUM U puHyauTeabHbIM OOC BBINOIHATCS C TIOMOIIBIO 3HAKA.

3HaueHue MKL PARDISO OOC | Ha3nayenue 3HayeHne
iparm[59] | MAX CORE SIZE options [USP MEM OOC]
0 - IC pexum. 0
1 value ABTOMaTHYCCKHUI pexum | Value
IC/00C
2 value OOC pexum -value

3aMedyaHus AAasl OAb30BaTeaeln npeabiaymmx sepcuit USPARS

Hnst orpannuenust uucina OpenMP-morokoB BHytpum USPARS cremyer wucnonb30BaTh
options[USP_OMP_THREADS]. Drtor mapamerp 3agaercs uepe3 MaccuB Options Ha cramuu
uspars_init?() u He u3mensieT ri1odaIbHy0 HacTpoiiky OpenMP B mporiecce.

Haumnas ¢ USPARS 2.2.1 nosBuiach CBOOOIHO pacHpoCTpaHseMas BEPCHS I1aKera,
UMeoIasi OrpaHWYeHHYI momiepkky W ¢yHknuoHan. OOC pexum u  64-OuTHBIE
ETIOYNCIICHHBIC HHTEP(DEHCHI B 3Ty BEPCUIO HE BXOJISAT.

Onumsa options[USP LU DIAG PIVOT] wuckmodeHa u3 USPARS 2.1.0, mockoibky
OKa3plBajla BIMSHUE TOIBKO HAa CHMMETPHYHBIE MaTpHUIbI, KOTOphle pemanuck ¢ LU
pasnoxeHneM. Eciu mpu ee HCHONB30BaHUM YIABajJOCh JOCTUYb YIYYIICHHS TOYHOCTH,
COBETyeM B JaibHeiieM nonbp3oBatbes LDLT-pa3inokeHneM st CHMMETPUYHBIX MaTPHIT
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